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INTRODUCTION 


The transform 

fix) = J^r °u ....(o.D 

'-cA ^ ' lL 

where 'P' stands for the Cauchy principal value at t = x, and known 
as the Hilbert transform, has been the topic of many a research 
work sinoe the beginning of thi3 century. Many properties of 'g(x)* 
were thus discovered. Some of these, relevant to our work here, are 
as follows i- 

THEOREM (A) . If f(x) belongs to L 2 (*), then g(x) exists almost 
everywhere (a.e) and belongs to L , and reoiprocally 

Y ? [°° jjitL. oU . ....( 0 . 2 ) 

- oo £ - ot 

If F(x) be the Fourier transform of f(x), defined as 

F (*) = l.i.m —~= f /-(■&) 

A —>oo J. & 

where l.i.m stands for limit in the mean square, and G(x) be the 
Fourier transform of g(x), then 

G(x) » - i sgnx F(x)• ....(0.3) 


It oould be seen that f(x) can reciprooally be expressed in terms 
of F(x) as 




2. 1 .TV) 
a 



(*) L 2 means L 2 ( - oo , oo). However if £f(x)J 2 is integrable in 
(a,b) we may say that f(x) £L 2 (a,b). 




(2) 


We may call f(x) the inverse Fourier transform of F(x). 

THEOREM (B) . Jparseval's FormulaJ. If f(x) and ^(x) be any two funotions 
of L and g(x) and "J^x) be their respective Hilbert transforms, then 

o 4 ^ 

/ f(x)^(x) dx o - Jg(x) 0(x) dx. 


"rf —o<9 

In the domain of the infinite series there is an analogue of the 


Hilbert transform, namely 




/v ~‘V* " 77 '/) f- yy\ +■ 

— ©0 


z 


••••(0.4) 


with the reciprocal relation 


c-Q 


Ay* ~ X 2- 


Jr, 


'A 


. 'nty* + 

— oO 2- 


....(0.5) 


Here also, as in Theorem (A) 

OO 

2 IV 2 


- OCJ 


is convergent, (in Theorem (A), g£-L ), and the reciprocal relation 
(0.5) holds if 


00 


"oJ 

is convergent. This result, and as a matter of fact both Theorems (A) 

& (B), hold for a general index p > 1. These wore proved, among others, 
by Titchmarsh [l^ • He has also proved, in this connection, a theorem 
namely 

THEOREM (C) . [(A), - p.32 lj Let ^a^denote any sequence of numbers 
such that the series 


00 

2|V 


(p >D 


- 06 



(3) 


is convergent, and let b c be as given by (0.4) for all values of in. 
Then the series 

oO 

is also convergent, and there is a number depending only on p 
such that 


£50 

2K 


p * -siKl p . 

7l= -O0 Vla-flO 

In yet another paper Titchmarsh has discussed general condi¬ 

tions for the formulae (0.4) and (0.5) without taking into consi¬ 
deration the convergence of 

2- I a n | P (P » 1) 

'*=-.<> 

In Chapter 1, we discuss these conditions and prove some results 
rather more general than those of Titohmarsk fej • 

Apart from the above analogue of the Hilbert transform there is an 
integral transform, namely 

rev = ....( 0 . 6 ) 


— oa 


which is very closely related to the Hilbert transform. This trans¬ 
form was first discussed by Boas [4J both in the above form and in 
a much more general form, viz 

.00 


r 


[*-) - Mf> J' /(/■) oU ....(o.T) 

■ J cos st d to( e). 


H(t) 


where 



(4) 

with w (x) as a continuous function of bounded variation on (-1*1). 
Boob also proved a theorem in this connection, namely 
THEOREM (D) . [(2), - p.295j.Let f(x) belong to L 2 ; let F(x) be the 
Fourier transform of f(x) and let H(0) =1. A necessary and suffi¬ 
cient condition that F(x) - 0 (a.e) on (-1,1) is that 

f**(x) = - f(x) (a.e). ....(0.8) 

Where f (x) is defined by (0.7) and f (x) is related to f (x) as 
f (x) is to f(x). Under the circumstances an obvious corollary to 
(0.8) is by (0.2) 

f*(x) - g(x) (a.e). ....( 0.9) 

Goldberg disoussed (0.6) in greater detail, and established 
the following theorems 1- 

THF.0BFK (E ). [(l), - p.20l]. If f(x) belongs to L 2 , g(x) be its 
Hilbert transform and f (x) be itB (0.6) transform, then 

f* » g - g.o. £ 

where i(n) = A ....(0.10) 

Oi. 

and the convolution g.o.<S is defined as 

j-o.H*) = -== J f-(*~*)£(+)&. 

- o4 

THEOREM (F ). £( 2), - p.203j. If f,g and f* be as in Theorem (e), 
then 

* - f # ♦ 5 

tfs/ 



the sum converging in the L mean, and 

s. = s 




....(o.ll) 


?EM (Q) . [( 3 )* - p.203]. If f(x) belongs to L 2 and f* # (x) he the 


( 0 . 6 ) tansform of f (x), then 


- f + 2 Lo.f - <£.o.£.o.f 


Recently Heywood [ 6j established the following results including an 
inversion formula for the transform ( 0 . 6 ). 


THEOREM 


LE). [(1), - P.I 63 J. If f and f* be as above, then 


-fr> l . 


THEORF 


:M (I ). (J 2 ), - P.I63J. 


lim /f (x) dx - 0. 

*} -* 06 

THEOREM (J) . f(3), - P.I67 J. (Analogue of Theorem (B)). If ^f(x) also 
belongs to L 2 , with ^ (x) as its (0.6) transform, then 


r 

0(x) f*(x) dx 


- J f(x) fl 


x) dx . 


For convenience we shall call the (0.6) transform the 'Goldberg 1 
transform and (0.7) the 'Boas' transform. In Chapter 2 we make a 



( 6 ) 

further study of the Goldberg transform, and prove our main result, 

namely that the class of the Goldberg transforms ^(x) of functions of 

2 2 
L is the subclass of L for which 

r°° 2 

/ 0(t) dt also belongs to L . 

Chapters 3-6 are devoted to the study of the general Boas trans¬ 
form. Results similar to those of Goldberg, Heywood, and our own of 
Chapter 2 are obtained in the general case also. It is also shown 
there that the Hilbert transform itself is a particular case of the 
Boas transform. Chapter 7 contains a few results which could not 
find a plaoe in the preceding chapters. It also contains a brief 
description of a different form of the Boas transform, and as the 
theory here presents no new features, we simply state the correspond¬ 
ing results without formally giving their proofs. 

Lastly in Chapter 8, an application of the theory of the Goldberg 
transform is made to the Fourier series of the Bohr almost periodic 
(U.a.p) functions. The main result, there, is that under suitable 
conditions the conjugate series of the Fourier series of a (17.a.p) 
function may be made to be summable (R, A,l) to the Goldberg trans¬ 
form of the function concerned. 

Throughout this thesis we have had the occasion of using several 

2 

times some of the well known properties of the L functions. These, 
as ststed in Titchmarsh £8j, are as follows i- 

THKOREM (k) . £(49), — p»7oJ. If f, F and g, G are Fourier transforms 
2 

of the L class, then 



(7) 



f(x) - 0 as x —? + oo 1 ....( 0 . 13 ) 

and if the Fourier transform of f'(x) be then 

(x) - -ixF(x). ....(0.14) 

Theorems (A) St (B) may also be referred to Titchmarsh ^ 8 j as Q9l)» - 
p.l 22 j, and Ql 02 ), - p .138 J respectively, and relation ( 0 . 3 ) may be 
found on page 121 . 

The above results will now be referred to, in the main body of our 
thesis, as Theorems (A), (B), etc. and not , in general,by their 

original names and titles. 

2 

At the end of the thesis we also provide a list of some L functions 
with their Fourier, Hilbert, and Goldberg transforms, in the form of 
an appendix. These functions occur repeatedly in our discussions. 



(8) 


CHAPTER I 

A SERIES INVERSION FORMULA 


(l.l) Titchmarsh [ 2J showed that if the series 



OO 

2 


— ©4 


V\+Vy\ + J 2 ^ 


....( 1 . 1 . 1 ) 


is convergent in the ordinary sense to, say, h , then reciprocally 

m 


= 'fa* * i. o- 


N 
> 
-/V 


'•n. 


'hfin + i 


.... ( 1 . 1 . 2 ) 


Where hy convergence in the ordinary sense of the series of the form 


u 


....(1.1.3) 


— oC 


is meant that the two series 


c* 

P u 

n 

/ 


00 


and 


u 


-n 


are both convergent. The series (l.l. 3 ) is convergent in the restric¬ 
ted sense if the series 


* u -nj 

is convergent. Similar definitions hold for summability in the two 
senses. Titchmarsh fej for his above theorem took the ordinary 
convergence of (l.l.l) and dismissed its restricted convergence on 
the basis of the following example. 

EXAMPLE Let a^ - 1 for all n, then the series (l.l.l) converges in 


the restricted sense to the sum zero, ie 



(9) 


b * 0 for all m. 

m 

And so (1.1.2) is not satisfied. 

Nevertheless we show here that if the sequence be subjected to 

some suitable conditions then even the restricted convergence of (l.l.l) 
could give the (C,l) summability, in the restricted sense, of 




Od -f yy\ -t £ 


The suitable conditions referred to above are, in fact, similar to 
those of Cossar^J Theorem 1, where he proves a similar result for 
integrals. Our theorem, which is a series version of Cossar's theorem, 
is as follows x- 

(1.2) THEOREM t If the sequence ^a^^be such that 

... • (1.2.l) 



is convergent, and 


a* t a. 


°( J n ) ....(1.2.2) 


then the series (l.l.l) converges in the restricted sense to, say, b ffi 
and reciprocally (1.1.2) holds. 

For the proof of the above theorem we require the following lemmas; 
LEMMA 1 





M 

5 


-m = i 


_J_ 



00 

then J^(r) | is bounded for all M. 



(10) 


LEMMA 2 


If ° M (r) 

1 

/ 

Htr+%. 1 

A 1-v+± 

then 


= 0. 

LEMMA 3 



If P H (r) 

M -«-/ 

- ?2 T 2_ + 
t- •*»=« -m* -1 

wy+t 

*© 

I 


then 2. 

P M (r + 1) - P M (r) / 

is hounded for all K. 

•y 


LEMMA 4 




If Q„(p) 


M 

2 - 
= o 


yy\+y+ £ 


yy\ 




fi>Q 


then 


LEMMA 5 


lin ^ I V r) l 

M 00 yTi r 


exists. 


!f I K (r) 


4 _J- —L - 

vntyfJr y*-t~Y+h 

0 2 . _ M _, 2 . 


then 


lim 


1_ 

M 



p ♦ 1) - 



0. 


(1.3) PROOFS OF THE LEMMAS*- 

(1). 



' > 

} 


j / 

y-Tr\-*2_ 

Y-tm + % 

Hence 

S' ' 

> 5 7 

r-w-f 

y» = o 2- 

^ <£-- r-fru^^- 

•>*=.' z 


for r £ m + 1. 
if r ^ », 



(11) 


and so, if N > M 
N < M / 


2 Z 


M-l 


Yf\ + Y + 


r i- 


I 


Y —• ' n\-l .•» 


t M-Y+ -t- 


■W=e l 

N-l 


7.1 

Hi:l 

•*M + y + ^ 

*—■ yn 

Ym-o 

_ y+t 

M-i 

2 
Y*. ~ 


ft-/ 

1 H ~‘ 

2 

y=c 

/ 

-2 

y-o 

y ■ 

( tvrtY + $ 

Hko 


M 


r-J r H-I 

+ y_ —!_ 3 -4 - 


v=M C -W,: 


TH 3 / 


/V *-/ 


J 1 + J 2 + X 3 ” I 


Sow 


M A7 . 

T - 5 5 — - 

y — I Yn ~ 1 *• 


(say). 

(by setting r - 1 for r). 


a, , *-> , 

h - z~-^ z ~ 

•m* i 1 Y-l 1 n '-° 


r 


ih N 


and 


/V A#-/ N-M-! M 

2 2 - 2 2 ^ 77 ? 

-Y- IM+I ^-- 


vsAI » s < 

(by setting M + r + 1 for r, and M - a f 0 r m.) 


Hence 


ft-/ fiJ ^ i 

^~3 ~ ^~ 2 2 - Y i ~ 2~ 2 

■y^H ^=0 y '* M ' t r=/v-ft 


/v Ai 


* M 4‘ 7 

= 2 2 4—^ 


* +V + £ V-ft-ft 


. v+ 

/ a - 


r= o ^ - > 

(by setting M + r for r, and M - m for m in the first term.) 



Thus 


Now 


Also 


As 


we have 



( 12 ) 

- 7 - MM. M , 

^ I + 1 Z ' - L - 2 2 2 2 *i 


■k 


y—6 m- I 


2. m = i 


' < 

2 2.- 


y- N-h 


•»! =/ 


yyi + ?+■*■ 


N M 

/Csv*. 2 

/V —? >0 -y- /V- f 


'y*-tr + J £ 


— o 


• • • • (l. 3*1) 


h M 

2 <2, 


v — o m -1 


M 17 

~ 2— ^ \ yn-*£ * z/f-m+i J 


M 


= 4M 2 


■M 


/ 


2■ >*-/ zM-m^ 


/H 


< 4 M 

< 4 M . 


M-i 


2 


/ 




h-t 


....( 1 . 3 . 2 ) 


fy-Y-ft 
r*=-d *■ 'y=» 




o 


, for even M, 

J7—£— 


*-^-/ . 

for 


>*=■>> 

v< IT 

if M is 

even and 


M-3 

Af 

*■ 

? 1 


>M -f 


- 2 l C 3/a 4 /7-3/i ) * Z (4 + H-sfa.) *"“ + * *£- 


= 2M 


/ 


ft. -L 


H-2 


3 /Y-34 3- m-S/l 


h-t tL±L 

2 _ 


< 2L A7 (^-2-) 
M 


Z l ) (for M^2) ; ....(1.3.3) 




and, for odd M ( > l), 

M-t , M-l 

2 2 -=b 


Ta/ i yn-yi\. 


(13) 


A/-2. I H-z 

= 2. Z 

r= i 1 yy\~o 


H-l 


2 


/ ' 7Z , h-y-* u 


— + 


"■ 1 „ r 
M-2 

•k + 2. 


< 2. (>-3,) y f/•/-! / + 2f z(Ai- /y ) 
(by applying (1.3.3) to the firBt term) 




< 4 


(^M — /^ . ••••( 1 . 3 . 4 ) 

Henoe it follows from (1.3.1), (1.3*2), (1.3*3) and (1.3.4) that 


00 


MW 


is bounded for all M. 


7 =0 

This oompletes the proof of Lemma 1 
(2). Now 


r * <■ f , » * w _i _ 2 

2 l^[y)j = 2 $ 'TnT^/J' T^t} M, l r -»-i J 

“ = 0 

M , ? r 3/vy ' z ^ ^ / 

" 4?o < H-y+t J * lL^s}v-M-\ ' 

^ , "ft! _/ / 

=: r-/-- 4 ^* y-m-4; ^—• M+y+V. . M+y+iA 

rs« rr t •>' = «+i a- /<*+/ M +' 


j 

: 22 


/v 


y-fJL 
o a. 


A/- ZAJ- / 


Ml-V + 3 /i 


1-M+l 


= 2 Z 


Y+ \ 


Hence 


and 


+ fl ('2 
■*■«* / / 


__T 1 „ 1 ' 

2 I ^m( y ) = 2 . .2 “ 77 ^ ’ 

r = o 1 o 

Xw 2 I 6~n( r ) I ~ '{m 7i ^ r +i 


-2-H+! 


=- 0 


Thus we get Lemma 2. 



(14) 


M 


(3) - r H w - 5 - z 

o 

Ph(y+i)-i > Ht?) - 


H+r t •1/j. 


y- X 

A7 






— ^2 J — ) 
<1 h \ D vtrr+i O y *- y+ tJ 


/ 


r+^r ' 


M-r+'z 

/ 


-f 


-/- 


M+v+ 3/i v+-t h-y+ 2 . 


-f 


L- 

M 


K+i 


M-i 


2 . 


Tn-t-v 


■f 


/ 


-I 




ft ^ / m+ri’ji y *-y+£ M+rty^ h ' y 


+i 


and so following the notations of Lemmas l t & 2, 

£ Jr h tr*,)'/'»(.■>) I « £ l F »t r )l + 

~r~o 1/1 1 y~ a 


J- 



* K 


("by the same two Lemmas) 


and this gives Lemma 3. 

(4). We first show that Qjj(r) ^ °» for all positive integral 
values of r. That it is positive for r ? K is obvious. When 
r ^ M, we consider separately the two cases of 


(i) 2r $M 



n- o 


J_ _ 

Th-r-t £ 


(i) 2r 

(ii) 2r ;> M 


M 

2 . 


2 .r 


__ 

yy\~y-t^ 


H-iy 

2 . 

o 





/ 

0 

m-t-r -t 


(ii) (a) 2r - M + 1 



(15) 


00 


Thus Q. 


Hence 


and as 


IV 

2 . 

t 


and 


Hence 


and as 


2r - 

’ M ♦ 1 



H 


2 r- 

M-2 

2 

**=o 

_/_ 

Z 

<0 

1 

■VH -Y + ^ 

'yyi-7 + £ 

(r) > 

0 in all the 

above 

cases* 




^ (?) 


y-l Y 

Af c 

V-1 Y 

1 

/ i \ 


Qn (r) _ 

2 f 


< O 


) r(7n-r+£) 


Qh (?) 


- 


h 


+■£ / 'H'+y-t-i 

'N, 


m-v 


(r 4 0) 

" + 5 ]’ 


ft 


ft 


N-ir* -I 


f", w - y+ i 


ih-r+£ 


= - J— - 2 —- 

•»>*■£ -r= i ’"tr^ 


A/ 


r- i 


£)»(■>) 


M 

2 . 

Tn=0 

M 


■YY\ -O 


l) 1 

’ / -i_ 

^ 1 r= 


^ / -1-- = O i 4*w " _2 

™ v (*+ 


>V\ — o 
oo 


]_ 7T 

a. - 2 


(y+±) 

Z = i! * *(,) 

r= i v -2- v y > 


Since 



(16) 


and so we get Lemma 4» 
(5). 


Thus 


C Y +0 - Zh (?) = 


/ 


) 


M + v + 3/z, r+± 

1 „ S / 


rtfy + % M-v + A 


- Z 


A7-v + i 

/ 




M-r + f \ 


l h {v + ') * I m+y+3/i+ n-y+tj +Z I ^ H-r+i 


and so using the notations of Lemma 2* 

~ h 'fc*«~n % I r+i v + $-' 

< A- ? \j- + ---^ 1 

/ *+£ M-r+i | (T,y Lemma 2 ). 

jW f j . ^ < j J n £ J / 7 

Now + / = ? C. *+i + M ~- y +i y ik' ^ J 


M f A/-M-! > 

— r -/• ■£ rV- 


N 


y~o 


•y* -/• 

/Vy- / **- 


(by setting M 

+ r 

+ 1 

for r 

in the first term 



M 

/ 

*v *y* ^ 

N 



3 

z 

- z - 

J 

y-f- J? 



V - 0 

rT 2- 

f/~M 

a_ 

The second term 

on 

the 

right 

—* 0 , as N 

■—> oO , 


M 


X™ > -~- = £> 

M rf ± 


Hence we get Lemma 5» 



(17) 


(1.4) PROOF OF THEOREM (1.2) 


Z7-N 


■>vi +1 


m+ i. 


'W\+^ 


+ (Z+I. 

v / -N 


<n -t m f- ^ 


*Z 


/V /V 

,, Z a * f 4.„ “5 


)Z ^zzi 

^ - ti-i *» = ' (W£Ji*I- 


By (l.2.l), (1.2.2) and Abel's test the second and the third terms 
tend to a limit as N -—»<*> • We denote the limit of the right 
hand side by X^» and this establishes the restricted convergence 

m 

of (l.l.l). To prove the inversion formula (1.1.2) we first show 
that, if vanishes for and 

j S ^ w\ 

A n = T -m+ n + i 


then 


Zf , . /v 

"" Ausw\ ^ . .... (1.4.1) 

- oO /V-^ <*> ^7 


‘•n r-n 


- / 


/v - 

z z 


7f ^ --»n -f"yi y- 

n-z-rJ w = -t 1 2- 

C ft n 

__ J__ Z" 3 S U ' n __ _ 

* Sr-« ; 


and so 


/v c 

ZL ^■'TxMtx - zL ^-VW 
/V -?(7® ~~ N • ~ ^ 

OG 

= Z (as 


(by (1.1.1)) 


0 for /m I ? c). 



( 18 ) 


Let now 


1 1 - l ^L) —_ 

V + ^ ? (-14-1 $ 


elsewhere. 


Then 


A*v - 


M 

^ 1 

7r)--n-i N 


I'm I \ / _ 

Ai y J (tn+y+^j 


Kfa-y) U-M-! \ M. 


/- Ill 

AI 


-ny-j 

At 


->H ■A'M -A t 


M 

t 2. 


n + t 


■m + Y+ 


'*m f- -n + i 


Otherwise, 


/W ' n " * ) (J+n+i)^ 


Hence if r / n, using the notations of Lemmas 3, & 5t we get 


A,= 


/~7T * *H ( Xf1 M - T » (”})J ‘ 


P M ( -r) - - p M ( r )* 

p M (r) --> 0 as M 


°o for a fixed r, 


V r > 


0 as r 


oo for a fixed M, 


I M (-r) - I H (r), 

7T W ' ? O as M 


co for a fixed r, 


x /fto—>o as r 


-oo for a fixed M. 


Henoe by (l.4.l) 


-/ 7 -. / 


* ^ \ f n w - + h 


*+■ c 


• • • • (1.4.2) 
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Where 'prime' means that we are to exclude the term for r = n from 


the summation, and 




yn = -M-t 


I'mI \ ' __ 

M ) 


When M —-*<*5 , C M -—? 7T^, for 


(nu-y ? 


1 = * • 


Moreover the seoond term on the R.H.S. of (1*4*2) tends to zero as 

M -—?©o , and as both P (n) and 1 (*) are independent of r, and 

M 1M M 

tend to zero as M —?c© , and further by (l*2*l), (1.2.2) and Abel's 
test (of. p*17) 


-/ T . / 




(r / n) 


exists, so 


-t T ' 


,. U (2 + Z) = 

h^>c* T—?°* -~T / ' 77-V t 


Thus in order to get (1*1.2) we need prove only that 


-/ T / 


-fc.-fe. r » w i 
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Where 


= («»" a -y^) • 

Again from (l.2.l)> (1.2.2) and Abel's test we find that 


and 


2 4 


y 

oe> 


and so 


and 


is convergent, 

.J c 

I 6- 


= -(4 




= ° (-£) C y ■— * 00 ) 


y V 

It follows, therefore, that for each £-( >0) there exists a number 
f 7 Inf depending on (r suoh that 
oo 

I 4r 

s for r f. 


£ A 


Henoe by Abel's partial summation method 

T «/ T 

■ r /« (y) = J 

+ f (r-ot'n(r-0-§* p H L*), 


X Ph (y) = S.^-rf H (y)= £i Y {v<»(■*)-(T-Ofay-ofr 


Ir* 2-4-’ 

r > <r ?, f> 


where 

and for 
T 


+ / ^ L*-*) I “* /fif ( T J I C > 



and as 
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It follows from Lemmas 1» 3» and 4 that 

/ X <? v P„(r) l f e/fyWl-i- e / 4 (/. 

Similarly for T > <f~ ^ £ 

I £ % til*) I 5 **"•<- ^ /^w i + *■ I?" (- r -o l. 

Thus 



Now as M —? oo , P M (r) 


0 for 1 $ r and 


/ Ska I S KG . 

1 I 


....(1.4.3) 


Similarly let 


-/ t / 


L M " '^S2, o0 L^T ^ ( r 4 ") 

- £'f + ^AfW, 

tyy ~ jibl 1 ^- y } ll > r (< Ly ' 4 - y ) 
^- y *- 9 ' * 


where 
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Hero also "by (l.2.l)» (1.2.2) and Abel's test both 

5 tfy Z f' are convergent. 

Using again the Abel's partial summation method 

T $'l H b) = i $' l 


where 


and so for T > <T f , where f =.?(*■) is such that j C^ y j < €■ for r 2- f* 

iKwl s G lil x «w -i*wi+/^ r - ij h / r «w 

cf' 


(rk'n +€/ i „ m /+«/ 4 w / ; 


(by Lemma 5)* 


Similarly 


j iy y ' If, (y)j s ek"n+ e }l„(<r-Ol + e I r„(T)l 


and as 


k Zftfr) -> 0 as H — ? 00 for i $ T ^ , we get, 


as in the 


case of Jj,, that 


/Om* -~r: l I 


^ k & 


....(1.4.4) 


Combining (1.4*3) and (1.4*4) we get the required result. 

(1.5) REMARK. Condition (1.2.2) will still be satisfied if we 
have the convergence of a -^ a -^ and so the above result of the 



suamability of the series 


-6-n 


-o4 Ti+m+%_ 


, in the restricted sense, to 

a-* 


the 'sum' 7T a will still hold good. But now the series _ 

m - oo 7i +»n t ; 

will converge in the ordinary sense, and we thus get an alternative 
proof to Titchmarsh [" 2 J, Theorem 1 (cf. -(l.l),p.8). 

(1.6) THEOREM . If the two sequences ^ a n J and £t> n J are as 
defined in Theorem (1.2), then for p > 1 

M ( IKl*) « M ( I^I^J 

M Jj ^ d , 


where 


and N is the constant of Theorem (C). 
P 


Proof. Let 


d 


-n. 


n 


0 


( - c < n c ) 
elsewhere, 


n 


d + A 

■n n 


and let ^ and he the transform (l.l.l) of o^and A r respectively, 
then obviously 


♦ ® . 


and 


■ * 

L 

?>-/' 

is convergent such that by Theorem (C) 

"* s Nf£ H*I 


....( 1 . 6 . 1 ) 


(p > 1) 




(?><) • 


- ©o 


Hence 



Now by (1 • 1 • 1) 
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and so by (l.2.l), (l.2.2) and Abel's test 


K| ^ + 0(1) 


< m 0 (J?) ♦ + o(l) 


$ c o(i-J + ^o(Ij + o(l) 

m ^ c« 

Hence we may write 


|b ! < U . 

•ml ** o* 

(- c £ m $ c) 


where 0 tends to zero as c —^ • 

c 

Now using Minkowski's inequality on (1*6.l) we get 



(by (1.6.2)). 


Letting o 


■ oo r we have 


[M (/^/>)] T s [»iff 


Hence the result 
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CHAPTER II 

THE GOLDBERG TRANSFORM 

(2.1) The transform 

f*(*) =T P 

— 06 x 

as indicated in the Introduction, is called here the Goldberg trans¬ 
form. If f(x) belongs to L 2 then it was shown by Goldberg [jj J that 

so does f (x), and if F(x) and be the Fourier transforms(+) of 

* 

f and f respectively, then 


where 


3E*; =-<isp**F(x)li-Ac*)J „.. (2 . 1#1) 

A(*) = 1*1 ,, 12) 

is the Fourier transform of &(*) (the function defined by (0.10). 
(2.1.1) may also be written as 

J-(x) = --c* F(*J Q*l*/) 

- <‘sp-nx F(x) (*/?/) 

2&2 tiFC-i,/). ....( 2 . 1 . 4 ) 


... (2.1. 3 ) 


and thus 


Heywood [sj showed that (2.1.4) is a necessary and sufficient 

*/ \ 2 
condition for f (x) to be the Goldberg transform of an L function. 

In fact (2.1.3) nay be used to establish a more fundamental result, 

namely 


(2.2) THEOREM. If f(x) belongs to L 2 and f*(x) be its Goldberg 


(■*■)• Capital letters, representing functions, will henceforth denote 
Fourier transforms of functions given by corresponding small 
letters. 
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■transform, then 

f*U) - ?•(*) 

where $2f(x) and ^'(x) are functions of L , and 

Jw = F(x) (/*!*() ^ 

-k,-W (!«*>').) 

Proof s As S’fy-) £ Z. 2- and ^ /J, 

belongs to both L and L 2 . 

x 

Let us write then 

< 20 - = gto 

so that ~ iw. 

Let JJf(x) be the inverse Fourier transform of $&)• 

Then by Theorem (M), (0.14) 

f*(x) - *•<*). 


Again by (2.1. 3 ) 

= /=£*; (/x/z/J 

7*7 ('*' 

This completes the proof of the theorem. 

On taking the inverse Fourier transforms of both sides and remember¬ 
ing that the Fourier transform of 



is 


I 

0 


(/*■/ * l) 

( 1X1 
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and that of 


is 



f *. Jm. 

J, 



C !*'>0 J 


we obtain by Theorem (L) 

f(*)= l .(2.2.1) 

— oO 

Inversely we may write 

FC*) = IW (bun) 

1*1 $(x) (/XI >/) 

- &(*-) A (a) t 1*1 &C X ). 

And as -1*1 $[*) is the Fourier transform of the Hilbert transform of 
fi'(x) (cf. (0.3) & (0.14))» we get on using Theorem(L) again 



f 



....( 2 . 2 . 2 ) 


where H 0' is the Hilbert transform of 

Remark. If and Y>y' satisfy the conditions of Theorem (M), 

then it could be seen easily that 



(u) J fa) y'c*) - f^yc*) '{*)£*■ > 

Theorems (i) & (J), i.e. Heywood's theorems 2, and 3» follow at once 
from (i) and (ii) above and Theorem (2.2). 
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(2.3) THEOREM . If ^ be absolutely continuous, and <jt and both 

2 2 

belong to L , then Is the Goldberg transform of an L function. 

Proof ! Now by (0.13) 


J <jf>'(Ar) <U^(4r-x)oU = -Zftfa). ....(2.3.1) 


Moreover, as belongs to i/ 


-f f J fi'C*) ....(2.3.2) 

— oC 

represents the Hilbert transform of and so by Theorem (A) belongs 

2 

to L . Again the two integrals 


7T 


00 


oo 



oO 


"+) ‘-e* (*-*■) M f 


* -X 


....(2.3.3) 


-00 - 00 

2 

represent convolutions of L functions, and so by Theorem (L), their 
Fourier transforms are 

-/*/ iw (i*m) 

O (l'*l>l) 1 

and 

(/xl£l) 

-$(*) (/*/ >1) 
respectively (the Fourier transform of is -Lx§ by (0.14)» and 
those of the other two functions in the convolutions may be found in 
the Appendix). 

Thus we see that ^ 

lr=s - 




= i rf fW f + f'±^ticu2cU 

••••(2.3*4) 
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2 

exists for almost all x, and belongs to L . 

Let us denote (2.3.4) by f(x) with F(x) as its Fourier transform. Hence 
by (2.3.1), (2.3.2) and (2.3- 3) 

F(*) = - $(*■) (l*l$0 ? 

-!*!$(*) (l*l >'),) 

and so by Theorem (2.2) 

f*(x) - - ?'(x) 

or 0(x) - / f- ('t)oU'. ....(2.3.5) 

2 

This shows that the class of Goldberg transforms of functions of L 

p 

is the class of functions ^ of L 6Uoh that 

» 00 

J ' 

2 

is also of L . 

(2.4) THEOREM. A necessary and sufficient condition for 

f*(x) - f(x), 


f being a funotion belonging to L^, is that F(x) * 0 (a.e) in |x|> 1 

Proof 1 Necessity. 

Let f*(x) - f*(x) 

p ^ p 

f* belongs to L since f belongs to L , then by (0.14) and (2.1.1) 


- ■i SjpA x f-A(x)J = - tx F(x). 

Of course the two sides are both equal to — t. oc F (xj (/%/</J 
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tout for |X|> I 

Sufficiency. 

Let 

so as atoove 


the L.H.S. is - i sgnx F(x), and so 

F(x) * 0 (a.e) in /* I > { # 

F(x) *> 0 (a.e) in /*).> I 

- PC*) ^ F C*) , 


or f (x) - f'(x). 

P 

It is obvious hero that xF(x) belongs to L , and so f'(x) also belongs 
2 

to L • 

Corollary 1. If f r (x), (r - 1,2,3* . )* be a sequenoe of L 2 functions 

ft 

suoh that (i) f^(x) also belongs to L , (r - 2,3*.»••••••) i.e. 

not necessarily for r - 1, and 

(ii) F r (x) ■ ^r+l^ 1 ^* * 1 » 2 » 3 » ••••)* 

and if F p (x) be the Fourier transform of f r (x), then for /*./ < / 

F r (x) - P s (x) (a.e) 

for all positive integral values of r and s. 

Corollary 2. If in the atoove funotions, for one value of r 

f r • *r> 

where g r denotes the Hiltoert transform of f^, (+)» then it is true for 
all r. 


(+). g will represent ths Hilbert transform of f throughout this thesis. 
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(2.5) Alternative proof of Theorem (H) . 

Here we make use of the fact that the two functions 


/ - (Ztrt'tr 






are such that (i) satisfies the conditions of Theorem (2.4) beoause 
its Fourier transform vanishes for /*/?/» and as such its Goldberg 
transform is the same as its derivative, namely 




t 3 - 


It is of course known that the Hilbert transform of (i) is 


Function (ii), on the other hand, is suoh that its Fourier transform 
vanishes on /x/s / , and so satisfies the conditions of Theorem (d). 
Its Goldberg and Hilbert transforms are therefore, by (0.9), equal. 


Hence 


/ - &sst 
t z 


! 2 4.- - Aa^. (u-i) 






and so, say, I - f-o.S 


- y fee*) '-jrYrjr f(+> cU _[ 

- wJ — ou ' —' t -t-*. ) 
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Now as 



J j(M.) y(<*--Ar) oiu. - stow. 

~oa &■—? oQ 




if f, pf, jT and 




all belong to L 


2 


9 


=v,. niz* + r±^'ct v icu fm 

^ _ r>0 ^ XX. Ji A/- J oO (U-t-fX.)*- 

= -jr J°pz±££-r-£(«+*■)jot*. 

— oC / 


Now by Theorem (L) the Fourier transform of 


is given by 


and that of 


is given by 


—' OO 


i sgnx G(x) 
0 


(/*/ ^ /) 


*J ft***) I, 

— eo ' 


oO 


4/ 


- A Qizi 


(/*/s 0 


Henoe adding the two we find that the Fourier transform of 
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^rv- 

— CO 


is given by 


or by (0.3) 


/ — C(cf-<C 

+ 

M. 


i sgnx G(x) 

(/x/ < 1) 

- 1 ..fttel 

X 

(l*l >l) 

- f(x) 

(/*/ < 1 

r.li*)-. 

1*1 

(/*/ >1 


Hence by (2.3* 5) 


OO 


— 00 


/ - £<rf 'U 


M. 


* f, ^ = 

- 

. - 

J f (**■) ' <L f^ ( M ~ . 


2 


Thus 


£3 

// *(*■) j~ i f 1? 


- a / / l ■ 2.5.1 ) 


2 

But by Theorem (E) , by replacing f by g, since it is true for all L 
functions 

I « f.o. £ - f + g* 

where g* is the Goldberg transform of g. 


....(2.5.2) 
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If now ^ be its Fourier transform, then by (2.1.1) 

— - tsymt (s-(xj £/-A(xjJ 
= - F(*.){l- A(«)J (by (0.3)) 

= (again by (2.1.1)) 


and so 


ft *(*) - 7J ? f ....(2.5.3) 

— oO 

Combining (2.5*l)» (2.5*2) and (2.5*3) we get (0.12), and this completes 
the proof. 

(2.6) THEOREM . If f(x), f'(x) and f"(x) belong to L 2 , and f*(x) be 
the Goldberg transform of f(x), then 

f* » f* ♦ f'.o. r - f".o. <r .(2.6.1) 


Where <r (x) = JL [ ~ oU 

* * JI AA. 

and c T (x) is the Hilbert transform of <7"(x). 

Proofi As in (2.1.3) 

&(*) = -<\F(x) (1*1*1) ? 

- ispi* F(n) (/ x/ >/ 

or Qi*-) = - tot F(*)-*- , kF(x) ^-<s+u'KZ(*)j + 2(*)x’F(*)»»»» (2.6.2) 


where 


Z (■»; 



is the Fourier transform of (x). 
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By (0.14) the Fourier transforms of f'(x) and f M (x) are 
- i x F(x) and - x 2 F(x) 


respectively. On taking the inverse Fourier transform of (2.6.2) and 
using Theorem (L) we get (2.6.1). 

(2.7) THEOREM. If f and f' belong to L 2 , then 

(f*)' - (f)* 

Proof 1 As in (2.6) the Fourier transform of f is - i x F(x), 
and so by (2.1.1) the Fourier transform of (f *) is 

-/*/ fO<■) {/ — a . 

Again by (0.14) the Fourier transform of (f )' is 


- *t *. £ - FfaJ £ I — A * 

Hence the result. We also observe here that (f )* and (f*) belong 

p 

to L • 

(2.8) THEOREM. If f satisfies the conditions of the above theorem, 
then * * ~ 

f* - -(«)*- *°* 

the series on the right converging in the L 2 mean, and & k are as defined 
in (0.11). 

9 * 

Proofi By (2.7) (g )' belongs to L , sinoe by (2.5*3) g is also the 

* , . * 

Hilbert transform of f • As in (2.5) the Fourier transform of g is 


- i sgnx J-(x) 

and so by (0.14) the Fourier transform of (g )' is - jxj -f(x) 
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— 9 

Hence |x| Jf(x) belongs to L . 

How by (2.1.1) -yCocFC x ) = -—— = /*./^ 

/ “ &(*.) k=o 

the series is convergent for x / 0, since then /A I £ I 

Hence - tx ffr) =■ 1*1 St*) - ('^ s ^ *• St*)) [~ txA ~ '* A -J. # ... (2.8.1) 

^ p 

Now as ^ , being the Fourier transform of &^ , vanishes for 

/x| > / , hence by Theorem (2.4) 

for all k. 

On taking the inverse Fourier transforms of (2.8.1) and following 
the pattern of the proof of Theorem (F) we get the required result. 

(2.9) REMARK. Theorems (2.6) and (2.8) are in a way analogous 

to Theorems (E) k (F). There f is expressed in terms of g, and 

* 

then an expression is found to give g in terms of f . Here we 

* * 

have tried to find expressions containing f or g and the derived 
funotion f'. We have shown in (2.4) that, when F(x) = 0 (a.e) (+) 
for |x[ >1, then 

f* =■ f • 

a result analogous to Theorem (d), namely f = g when F(x) = 0 
(a.e) for |x|$ 1. 



( + ). Functions,involved in our disoussions of Chapters 2 - 7» exist, 
in general, almost everywhere and as such relations between them 
also exist almost everywhere. The phrase 'almost everywhere' is, 
therefore in general, dropped. Nevertheless I must admit that I 
have not been quite consistent in this respect. 
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CHAPTER III 
THE BOAS TRANSFORM 

(3.1) The Goldberg transform 

-eO 

discussed in the preceding chapter is in fact a particular case, as 
mentioned in the Introduction* of a more general transform where 
in the integrand is replaced by a general funotion H(t) (♦) 
satisfying the following conditions 

(i) H(t) - f cos st dw(s), 

-/ 

W fa )being a continuous funotion of bounded variation on (-1,1) and 

(ii) J f(x+A:) ^(*2 rfi- ••••(3*l*l) 

-oe 

exists whenever 

exists. This transform, which wa call the Boas transform, was 
first discussed by Boas [jjJ. For his Theorem 2 (Theorem (D) in 

ft 

the Introduction), where f(x) belongs to L c and so 

f°° 

^-00 t 

exists in Cauchy's sense. Boas subjected H(t) to yet another set 


(♦). Contrary to our earlier footnote about Capitals H(t) is not 
the Fourier transform of h(t). 




of conditions, namely 


H(0) 


and 


) -/O .s (-A) — ± I almost nowhere . 


We try to establish here results similar to Theorems (E), (g), (H), 
(i) and (J) in the general case with fi(t) instead of , where 

H (/f ) = br5 £ ~t & f £ /u. £ (M) ob*- - 

J o 7 

h(u) being an odd continuous function of bounded variation on (0*1) 
such that h(l) = 1. • •••(3«1»3) 

That this definition of H(t) is equivalent to that given by Boas [ 4 J 
for Theorem (d) can be seen as foliows«- 
By the properties of Riemann - Stieltjes integrals 
/ •-/ 


- / 


oU&(Vl) - ^ f oh(m.)Mk = brt-t, 

J -l 


since according to Boas H(o) - 1, and so ui (/) — *** (-1) = / 

Hence 


HC+) 


= ttrS^T + * J j 60 C^J J • 


Replacing now, to (u) -ul(—u.J’by h(u) with the condition that h(u) is to t>e. 
an odd function we get ( 3 . 1 . 2 ). 

If now, following Boas, we denote (3*1.1) by f*(x)» then 

oO / 

(*.) = —f* f f’C'K+t) ( ^ J ....( 3 .I. 4 ) 
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It could be seen now that ( 3 . 1 , 4 ) gives the Goldberg transform if 


and when 


h(u) - u, 

h(u) = 1 



O^M. 


I — CtrjAr 

—-- ) 

t 


(3.1.4) reduces to 



which represents g(x). Now as g(x) also belongs to L 2 and as such 
satisfies the main feature of the General Boas transform, we are 
justified in oalling the Hilbert transform also a particular case of 

(3.1.4) although here h(u) does not strictly satisfy the conditions 

(3.1.3) . Similarly if 

h(u) » 0 

we find that the conditions ( 3 * 1 . 3 ) are again not satisfied yet 

(3.1.4) exists almost everywhere and belongs to L 2 . That it is so 
we show in ( 3 . 2 ). 

(3.2) THEOREM . If f(x) belongs to L 2 , then 

f°C*) = Y r f f-(«++) ....(3.2.1) 

— oO 

2 

exists for almost all x, and belongs to L , and a necessary and 
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sufficient condition for 

F(x) - 0 (a.e) on 1 

Is that /?*) = 

Similarly a necessary and sufficient condition for 

F(x) * 0 (a.e) for |x|>l 

is that - o. 

Proof. The existence of (3*2*1) for almost all x oan be proved by 
considering 


and 


» o-ci 




dh 


- °0 


— OC 


the former represents g(x) for almost all x, and the latter ie an 
absolutely convergent integral, and so 


/%; = ; (*) - ■£/“/(«+*) . 

— oO 

If now $(*) be the Fourier transform of ■£(*■) (it has a Fourier trans¬ 
form since the R.H.S. has one), then by Theorem (h) 

1U) = 


&(*) -f F (*■) (/*/ *f) 

Cr(x ) (/*l > 0 
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= o Q*/s \) i 

ef , / /y/>/) r (ty (0.3))....(3.2.2) 

- isj-rrx. F(x) {[*1 > ') J 

*-< O * O 2 

Hence v7 and consequently y- belong to L • 

If now F(x) - 0 (a.e) on {x| $ 1, 

3-°(x) = 

and so /°^ = ....(3*2.3) 

Conversely if (3*2.3) holds then 

Joo = *(*) 

and since for fx|^1 

- £-(*■) + F(*-)f 

the second term on the right must be zero almost everywhere on (-1,1) 
If on the other hand 

F(x) « 0 (a.e) for |x|>l t 

3°c*) = o 

and so -f *(•*.) = O . ....(3.2.4) 

The converse can now be proved by retracing the steps backwards. 

(0.9) becomes now an immediate corollary to the above theorem, for 
now (3.1.4) can be put as 

/%) = tc*+*) J*(~) 

- oA 0 . . 

....(3.2.5) 
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Now as 

J^- f (■**■) Aaaa* fb*. E l~ f 

* 7f »> o 

since its Fourier transform (+) is 



of. ■&. (ixl) 


0 



the seoond term on the right of (3*2.5)» being the convolution of 


C 9 *-) and — I (m. J 

vanishes for almost all x if F(x) «* 0 (a.e) on |x|$l, and so 

by (3.2.3) 

{-*(*) = f"(*) = }-(*■)• 

If on the other hand F(x) ■ 0 (a.e) for /x|^l, then by 

(3.2.4) 

f C*) = ~=j( J f ('*■+*') (1,2,6) 

If 3l?~) he the Fourier transform of f (x), then 

J }(*■) = -a S^yiX Js C 1 *!) F C*-)' 


In oase of the Goldberg transform the above equation reduces to 

F ('*■)’> 


(+). The aotual calculation is on p. 46. 
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since here h(x) * x, and so by ( 0 . 14 ) 


f*w 


f'(x), 


which, therefore, gives another proof of Theorem (2.4). 

(3*3) The extensions of the theorems of Goldberg and Heywood to 
oover the general case of the Boas transform (3.1*4) would be dis¬ 
cussed in (3-4) and the following sections. Here, however, we 
give a third proof of Theorem (H), for on this depend the dis¬ 
cussions of (3*4). 

The third proof of Theorem (H) . 

By (2.1.3) 

. <. 

Fix) = - 

Let K(x) be the Fourier transform of 



then 


k(x) 

K(x) 


Hence (3«3*l) can be written as 


/ 2- -4-oaX 

7[ x. * 


1 (|x| s 1) 

0 dxi>i). 


F(*)= * k(xj -t 'Cs^xJc*) l'~ *60} . ( 3 . 3 . 2 ) 

• 12fa) 

Let tf(x) be the inverse Fourier transform of -—— •> 

2 

for by (2.2) it belongs to L . By Theorem (L) the inverse Fourier 
transform of 



x 




is therefore 
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T\ 



4aa*. '(r 


- oU 


1 


which on integrating by parts becomes 


~yrj ?'(*+*) I 




since belongs to L 2 and so by (0.13) ^(t) tends to aero as t tends 
to t. °o, and 

J O M. 


is a bounded function of t. Now by Theorem (2«2) 

?'(x) - f*(x), 

and so the above expression reduces to 



Again by (3»2.2) the inverse Fourier transform of 




is given by 
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Hence combining the two we get 

- -f(*) = ± r/y Jm . 


(3.4) THEOREM . If f(x) £. L 2 , and f* (x) be as defined by 
(3*1*4) then f (x) also belongs to L‘, and inversely 

- /(*) =■£-/’/ {■*(*.+*) 5 + f'±^i.aUloU 

* j * L 4: JU-u) J 

'°° ....(3*4*1) 

provided h(x) satisfies besides (3*1*3) "the following condition 

h(x) - x p(x), ••••(3*4*2) 

where p(x) is^of bounded variation and nowhere zero in 
(0,1), a nd i e euoh - th a t -K (x)/p 4x) - 4 -p n a ro almos t -overy^ 
w ho r e irr - fxf ^ ■ l ,J^K(x) b ei ng the Fourier transform of 


y# 


X 

X 


J 


This restriction is placed on h(x) to guarantee the conver¬ 
gence of 


/* Jr 'U. 

o '£('<*■) 


oL**. 


oC < < 00 


which is an essential part of the inverse formula (3.4.1)* 


H.B. f (x) denotes the Goldberg^transform in (3*3) only; for 

the rest of this chapter f (x) wil1 stand for the general 
Boas transform as defined in (3*1*4)* 
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Proof* We first show that f (x) exists for almost all x and "belongs 
to L . 


Let 


^ (*) ~ ((9{/S l) 

then jA'/fxJ belongs to L 2 , and if be its inverse Fourier trans¬ 
form then 

4 = 


fa 


- / 


jC _ 

\f2X 





Jjt f 0 oil . 


Thus 


- X 


J- f ~ r / 

^ J * (*■’*£) J -&(Aa.) 4+A*.sU^l oLk 

— oO ^ o 


is the convolution of f(x) with ’ x j'(x) t and so its Fourier transform, 
by Theorem (L), is given by 


which belongs to L 2 , since F(x) does so and (x.)iB bounded. 



Thus 
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also belongs to L^. On the other hand by (3*2) 

f°(*) = J r 

— c* 

2 

exists for almost all z, and belongs to L . Again by (3*1*4) 

- ft*) ~ ....(3-4.4) 


# 2 

and so f (x) exists for almost all x, and belongs to L • 

If now* as usual * ) be the Fourier transform of f (x), and 


^ = 


l — -£(ixi) (/x/si) 

o (/*i >i) 


....(3.4*5) 


then by (3.2.2) and (3*4*4) 

3 (*) ~ j ....(3.4.6) 


or 


and thus 


or 


) - _ 



' - a*. 


t L'(-!,<) 

0*0 

3<*) 

oc 

£ L l (~l;lJ 



since by ( 3 . 4 . 2 ) h(x) = x p(x), and p(x) does not vanish anywhere 
in (0,1) and so in (-1,1), for p(x) is even, and thus 



e L'(-Ll)- 


Following the pattern of the proof of (3*3) we get 



PC*) 


■t * 


* ?(*) fl~K C*)J • 


....(3.4.7) 


The inverse Fourier transform of the second term on the right is, 
as in (3«3) 

- W’Vw; 

- OQ 


Again as in the preceding section, let jf(x) be the inverse Fourier 
transform of 

t 3 -(tc) 

-- 

and so, as there, f (x) = ^’(x). ....( 3 . 4 . 8 ) 

The inverse Fourier transform of K(x)/p(x) is obviously 


/ 

Tz* 


-I 


- atlAt 
4 _ 

PM 


oU • — ./i- f gg Jl (since p(x) is even) 

V 7T ) i,,, 


K*J 


fov'-cL K (x) j/ / ^~ L '***L*yJ -r-eAe^i- S2jy*-*A & O t A-e stM. /%/7 / 

Hence by Theorem (L) the inverse Fourier transform of the first 
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term on the R.H.S. of (3»4»7) is given "by 



f diTc+Jr) f ^jbUcUroU, 

J ' J 0 p(ir) ’ 


— oO 


which on integrating hy parts becomes 


- * [j v* - *j (7 ^j o 


(since here ^(x) —> 0 as x ->l«»by ( 0 . 13 ), and 

f *cU f 1 oU 

J 0 J o p(v) 

is a bounded function of t f ^ 


- - Z 
7T 


Jtr 


V_ *0 


Jr ) ctl f [ £H >/U 

T ' J 0 PC*) J o 


ITcIm. 


(since cos uv/p(v) is continuous in 0*v5-l f 0^u-S t,^ 


_ _ J- 
7\ 




— o & 


<j/> (*. + tr)d$ Mr 

<(ir) 


I 

= - 7 T [ f f ±^±£-oLf 

i^ 7 Jo—Zoo to y (3.4.8)), 


Hence taking the inverse Fourier transforms of both sides of (3*4»?) 
we get ( 3 . 4 .!)• 
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(3* 5) The conditions (3*1*3) and (3*4*2) are by no means nece- 
ssary for the existence of f (x) and for the inverse formula (3*4*1) 
as oan he seen from the following theorem. 

THEOREM . If f(x) belongs to L 2 , and h(x) be such that in (-1,1) 

h(x) L L 

p(x) - h(x)/x is bounded 
l/p(x) £ L 2 

and 



•<u~. Ar\r 


oLm- 


....(3*5*1) 


is a bounded function of t, then (3.1.4) exists for almost all x, 
and inversely (3*4*1) holds. 

Proof. As h(x) £ L(-l,l) 



o 


exists,and as in (3*4*3) has 

l/f- A (i*i) ? 

o ([*' p 0j 

as its Fourier transform, and so f*(x) exists (a.e) and belongs to 

p 

L (the argument being the same as in (3*4))* 

To prove the inverse formula (3«4.l), let us write, as in (3*4.7) 

Ffr; - . + Xu ? kc*j) ■ 



(5D 

Here also 

6 L'(-l,0, 

since p(x) is bounded in (- 1 , 1 ). 

Again as l/p(x) 6 L 2 (-l,l) and K(x) = 0 (a.e) for |x[>l 

K(x)/p(x) £ L 2 , 

and so the first term on the right of (3»4»7) is the Fourier trans¬ 
form of the convolution of the inverse Fourier transforms of 

*• $ (V and . 

•*- K*) 

Henoe following the argument of (3*4) and using (3*5*1) we get the 
required result. 

(3*6) THEOREM . (Extension of Theorem (l))» If f and f he as in 
(3*4) then 

-J.O0 

f f*(x) dx m 0 . 

V 

—> - as 

Proof . As in (3*4*8) f (x) = ^'(x), and as both 0(x) and ^'(x) 

2 

belong to L 



-9-oO 


Hence the required result. 

( 3 . 7 ) THEOREM . (Extension of Theorem (J))* If /'fyalso belongs 
to L 2 , and f%) be its (3*1.4) transform then 

J f (-*■)&*(*) d*= ~ f ?*(*-)'ft-V . 
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The proof is exactly the same as given by Heyvood [6 J except that 
now we have A^(ae defined in (3* 4» 5)) instead of A(x)» 

His other two forms of the above theorem f namely 


and 



fC'*-) / *(*•) d*. 


=- 0 


J £ / J 


c»Q 


/W/ 


*£«)*!*> 


— O o 


are also true here. 

(3.8) THEOREM . (Extension of Theorem (E))• If f and f be as 
above then 


g - S» o 


•f 


where 


ft*) ~ y/^iJ^xtoUCir) .(3.8. 


1) 


Proof. Let be as in (3»4»5)t its Fourier transform (inverse) 
is therefore 

- j/S J £ I- A(xjJ e<nsJr'K £>U_ 

= \^ \ ~ f 0 'tfajdnj. 
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= ~£' j A** kAt cL ■&.(+’) (since h(l) - l) 


f(*). 


Again by (3*4.6) 


.?(■*;=• ~-Cs^tl f(*) - $ - **?** F (*)} 


and so by Theorem (L) 


g - g.o. ^ 


(3*9) THEOREM . (Extension of Theorem (3)). If f» f and -f be 


as above then 


f - - f + 


2 f.o.f - f.o.f.i 


The proof is again the same as given by Goldberg [^5j except that 
we have now and not £(*)• We, however, give here an extension 


of the above result in the form 


(*■*)* 




(2*1-1) f- 


= (r>r[} - *■ ■ ■■ ~ f] 


....(3*9*2) 


where 


C *)*- 


is that transform of f which is obtained by n 
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repeated applications of the transform (3.1.4)» and like (0.11) 



Proof. Let the Fourier transform of J ^he ctfaj with ^ (l j~ J 
then 

UV = 4*j~ ....(3.9.3) 


and 

V , 2.91 - / 

7(z«-0 = ^ (*){!-*<} .(3.9.4) 

•n. 

Wo also know that ^^* for any positive integral value of n, is 
the Fourier transform of ■f • Hence we obtain the two results 
(3*9.1) and (3*9.2) by taking the inverse Fourier transforms of 
(3.9.3) and (3.9.4). 

It could be seen now that Theorem (e) is a particular case of 
(3.9.2) when 

h(u) a u 

and n = 1 , 

for in this case 

f( /{r )=]f^j: =- Ji -&(*) (by (0.10)). 

Remark . Theorems (3«7)» (3*8) and (3*9) are true even when h(u) 
satisfies (3.1.3) and not necessarily (3*4.2). 
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CHAPTER IV 


THE COMPOUND BOAS TRANSFORMS 

(4.1) DEFINITIONS . We define the function h(u) of (3.1.2) as 
the 'generating function' (g.f) of the Boas transform (3*1.4). 

Thus the g.fs. of the Hilbert and Goldberg transforms are respectively 


i and <Uy. 


If B^, B^, ... t B r be some Boas transforms with h^(u), h 2 (u)» .. 


•• f h n (u) as g.fs. then naturally 


B 1 V> 


B 1 B 2 V’ 


» B 1 B 2 


•V 


will exist for almost all x and will belong to L . We define these 

transforms as Compound Boas transforms of order 2, 3f. » a-nd 

n respectively. Thus f** f in the notation of Goldberg [ 5 ], is the 
Compound Goldberg transform of order 2, and of order n* 

We also define the product of the g.fs. of the individual trans¬ 
forms involved in a Compound Boas transform as the 'kernel' of the 
said Compound transform. Thus the kernel of f (again in the 


notation of Goldberg) is u , and that of 


B 1 B 2 .B n f ....(4.1.1) 

is h^u) h 2 (u).H n (u). 

We now show that the Compound transform (4.1.1) is comrautable in 
the sense that the order of the Bs is immaterial. We prove this by 
taking the case of ti □ 2, for the general case would then be an 
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easy extension. 

Let 5,5*/ be a Compound Boas transform with A,(^x) and £?,(<*■) 
as their respective g. fs, and let F 2 he the Fourier transform of 
Byf ^en hy (3.4.6) 

F* (x ) = -a, ta x F (t) ^ 

where A^ = 1 “ ‘**0*0 

0 

Now if the Fourier transform of B ; he $ then 

&(*) ~ - *' F z (*) { »“ A *, J 

- ~ F(*-)\ I” A *,j {)- ....( 4 . 1 . 2 ) 

It is easy to verify that we would get the same result if we begin 
with B,f and finally get 8 x B,f • 

We now prove a few theorems on the Compound Boas transforms, 
their kernels, orders and generating funotions. 

(4.2) THEOREM. If f(x) £. L 2 and f*(x) he as defined hy (3.1.4), 
and h(x) satisfies conditions (3.1.3) and (3.4*2), and if 

(to’i 



then the g.f. of 



(4.2.2) 



is 
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/ ~t ■& *"(**■) 

i.e. the kernel of (4*2.2) is the same as its g.f. or 

' i*W = i P J f (* t4: ) l t */ 0 Ti£cv ■ 

....(4.2.3) 

Proof. 

/ + &(*) 

satisfies both conditions (3.1*3) & (3*4*2) and as suoh / (■*) 
exists almost everywhere and belongs to L 2 , and moreover by (3*4) 

-/•(*;= -k p J 

.«.*(4* 2.4) 


* . . 2 
As f (x) also belongs to L , we may have 

= 1 L r J o l+KH«) u 

How it can be seen by taking the Fourier transforms of 

UT - (r; 


that they are equal. Henoe by (4.2.4) 
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M 

r J 4 . jW + 


+ 



IcU 

<c~) J 



t>y (3*1.4), (3*4.1) and the fact that 
Hence 




■fr 


f **(*■) = i (*> - ■ 2 

" ^4 

- |r f f + J -f J 

— oO 

(by (4.2.1)), 


= -£' (*+*)$*£ +z f'A?£L^«u^?ui.. 

J -* L * J o I+AH+) J 

(4.3) THEOREM. All Compound Boas transforms of the same order 

and kernel are equivalent almost everywhere, i.e. if B t) S A y . . - 

&tl te one set of Boas transforms with *„**,■■ ■ as their 

g.fs. and if £ / , £ ' .B X be another set of Boas transforms 

1 y x ) -n. 

with . . . . aB tlieir ff.fs. and if 




then 
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Proof. We take first the case when n - 2, the general case is a 
simple extension. 

Let, as before, B, , B 2 with as g»fs. be two Boas trans¬ 

forms. Let B ; and be two other Boas transforms with k, and 
-i k 2 as their g.fs., such that 

A, («■) *2(“) = *1 («) iW ' 


Henoe 


(i«i)A 2 .0* 1 ) * j...(4.3.l) 


Let ^ be the Fourier transform of B ( S 2 -f then by (4.1.2) 




- F('K)'k,(l*l) A z (/*l) 
- F(*) 


(/*l$ ij 


Now if 3" be the Fourier transform of 8,'8.7 then as above 


2 to 


and so by (4«3»l) 


- F(*) *,(!•') *z(l*l) <3^0 

- F(*) (p!>0,[ 

J'(*) = 3 (■*■). 


Henoe the required result. f 

In the general case if •-? and 3 be the Fourier transforms 
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of B, B x . . . . B<^J- and S Bj- 3^ J respectively then 


n\ 


J-(x) = J FC*) 7\ i r t l9tl ) (wist) 

Vs / 

(- FL*-) (L*^0,\ 


and 


-TV 


J'c*; = (-*y**) F (*)J\*r(!*0 W 

(- f’F(*) (!*!»X J 


and obviously the two are equal. 

(4.4) Till now we have confined our choioe of ^(t )to the class 
of functions which satisfy conditions (3.1*3). We may, however, 
seleot under suitable conditions one or more of these M 7 (x)i n 
such a manner that if they do not satisfy (3.1.3) their reciprocals 
satisfy both set of conditions (3*1*3) and (3,4.2). But now the 
transform 



will cease to be striotly commutable in so far as the positions of 
those 8 r s are concerned for which i fc 7 (x)eTe of the type discussed 
above. We, in faot, prove a theorem by taking only one such B y , 
which of course can be generalised without much difficulty. 

THEOREM . If f(x) £ L 2 and S /} , &' } . . . . } 8^ have the same 

meaning as in (4.3) except that B^ ( * < n) is such that k ■$[*■) 
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does not satisfy conditions (3*1*3) but on the other hand 
satisfies both (3*1*3) and (3*4*2) then 


/ 

K (*) 


provided 

and 




'Ai - - 



^■n. y 


M*-) 

■K 


L &(r ly I) 


where 



is the Fourier transform of 





Proof. We take, as usual, the case when n - 2, and prove that 


s ,B 2 f = &;k{ 

where X I} X 2 and are the g.fs. of B f y B z and B^ , and 5 / 

is such that ^k^Xidoee not satisfy (3*1*3) but satisfies 

both (3*1*3) and (3*4*2). 

We first prove a lemma. 

LEMMA . If $f(x) i L 2 and 


&(*) 


X 


4 L'(-',0, 


then 


W*) = ^ ^ + 

belongs to L 2 , where h(u) satisfies both (3*1*3) ^ (3.4*2), 


and in fact 


4 = Bf 
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where B is the Boas transform generated by h(u). The Fourier 
transform of Y'C*) is given by 

/C $QtJ 

where is as in (3.4. 5). 

Proof of the lemma* By (3*4.2) 

h(x) » x p(r) 

where p(x) is of bounded variation and does not vanish anywhere 
in (-1,1), and so 

£ L % (rb 0- 

If K(x) be as in (3*3) then 

± 4 ,% ■ ^ 

Ai*-) 

Henoe J(x) • 

</ &(■'*’). -h A s f*Q(*) ~ ^to] •••• (4*4*1) 

belongs to L^, Now as in (3*4) the inverse Fourier transform 
of the R.H.S. of (4.4.1) 

= - i l &± + 

2 

which therefore belongs to L . Moreover by (4.4.1) 

-t" S<yv\ nc <&('*■) 

>-^r 


<£cy 


J C*J 
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Hence the Fourier transform of ' c Pfa) is 

iSfnX §(*■) 


/- 4 


....(4.4.2) 


A/ 


sinoe j(x) - — ^(*.). 

Proof of the theorem. Let the Fourier transform of he -3^ 
(in the general case the Fourier transform of 83,.8 /is 

rrl oxj 

) then as usual 

3 ~! (*) = - 't F(*) j J - 


where 


4 ^ - / - k z 0*0 (l*lst) 

0 (1*1 ><X 

How if £. L 2 (-l,l), by the lemma proved above 


OL 


B'lB'f = -fpj 

*^o0 

2 

also belongs to L • Hence by (4*4.2) its Fourier transform is 

A Sp*n cf/ (*.) 


where 


V, 


k, 


/ - 


/ 


(htlsl) 


6,0*0 , 

0 d* 1 ’); 


Henoe the Fourier transform of 


*:Kf 
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- F(*)-k,(/*-0 &i0*0 (i* 1 */) 7 

- f (<; Q'i’Oj 

and this is the same as the Fourier transform of because 


Henoe the result in the special case. 

We oan now easily extend the case to get 


.... 3^f = &X- 


where 

^ 2 • ■ • 

and kjfr )is 

such that —-—- 

*v(*J 

and 

3-AV 




Ml t L\- h ,) 


where 3^ , as mentioned above, is the Fourier transform of 

Kt, -S»«.. b*/ • 

In like manner we may select more then one such -8y where 
, 1 ~ satisfies (3.1.3) & (3*4.2). But at each stage we have 

i*) 

to see that the conditions of the theorem are satisfied. We 
demonstrate thi6 by taking a number of particular cases. 

To avoid confusion let us have a new notation to define the 
different kinds of the Boas transforms specially when 
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h(u) - u 


(n - ), 


let ub then write 


4 *j - J— P f t •4’) ^ ‘lalk 


for all positive odd integral values of n. We keep n odd to see 
that (3«1. 3 ) are satisfied. Although , as we have already seen 


that 


h(u) - u n , n ■ 0 


does not satisfy striotly (3.1*3), yet "this value oould be taken 

2 

because -f exists almost everywhere and belongs to L . In fact 

J 0 

€ - r 

When n - 1, we get the Goldberg transform and so it would be 

denoted now by f* • siffi ilarly 4*, would mean the Goldberg 
transform of the Goldberg transform of f (f # * of Theorem (G)). 


Similar explanation could he given for 


'*'*9 /> 


(n,p odd or zero) 


which obviously exists almost everywhere and belongs to L. 
We of course know that 

4* _ x* 

T «>t *" 

We would rather prefer ,/^^and ^ ^to 4, and 4 

'J J J lyly l 




for obvious reasons. 


f #• 

Lastly by we would mean tbe inverse 

Goldberg transform of f, of course when it exists. For the 
general Boas transform we would use the is 

^ C 4 *) (n odd or zero), 

the corresponding transform would be denoted by 

/w <»’ 

emd then we may use £ Winstead of ^ (*J if we are not dealing 

V (v V A 

simultaneously with h(x) and k(x) as g.fs.. It may be noted 


here that 


# - K - r 


Illustration 1. We know from the Hilbert transform theory that 

/*" = -/• 

' , 0,0 J 

A * 

Now the kernel of the Compound transform J Do is ^ or 
g.fs. of the individual transforms involved are each 1, i.e. 

[*) " A (*-) = / • 


Hence 


Let us now select 'k t (*) “ * 

Hence B' / = , 

and if be its Fourier transform then according to Hoywood 

[6] t L} (->;!), 

•7C ' 


and so the conditions of the above theorem are satisfied, hence 
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f 

* 0,0 


where (h(x) 
form and so 


/ / - 

= A-B*/ 

l/x) stands for the inverse of tho Goldberg tram 


4 V = € --I' 


Illustration 2. Again 

J* 


J 0,0,0, O f 9 


i.e. if we apply the Hilbert transform four times wo get the 
original function. 

Now let 

4, (*) = (pc) = 4 3 (*-) - ~ic , 


and 


-** (*) = xf 

/ I 


(3-1.J) «4 ^3 ’ 


Om^I 


*s(*) 


satisfy both (3.1*3) & (3*4.2), and ae 

(*) ~ (*) 9 (*•) = 4 if. (xj - / 

4, -A z 4 ^ 4if . 


so 

Moreover 


^3 (*J 


Utl and JO*) 


TO 


all belong to L 2 (-l,l), where ^ (x), M(x) and J(x) are the 
Fourier transforms of /*"„ £* and / respectively. Hence 

J 3 4-/ 4 %1rt 


by Theorem (4.4) 
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*, 0 , 0,0 


= l 


(.-&)* 






= / 


....(4.4.3) 


where, as in Illustration 1, we use for the inverse Goldberg 
transform of f(x) if it exists. In fact it exists in the case 
of , for here 

f* = 

J 1,-1 J 

and so * 


= - 


Hence hy ( 4 . 4 . 3 ) 


(~V * , (3) t- 3 ) *- 


= -/ 


a* = -r*. 


• • • • (4.4.4) 


This shows that the kernel and the g.f. of — ^^*"are identical. 
It may he reoalled here that a similar case was discussed in 
(4.2). Again hy (3*9.2), when n = 2, the L.H.S. = / ^ 


and the R.H.S. is 


-j ~ 3 r c S > + r° s s 

where and are as in ( 0 . 10 ) & (O.ll) respectively. 

Hence hy (4.4.4) 

} - a 9 .:S+ 3 ]S 1 -}...S s ....( 4 . 4 .' 
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Illustration 3« The kernel of is x, and so by the above 

theorem 

(zj#- 


sinoe 


i.e. 


f w *- r* 

T " J3-1 ’ 




{ 


o;*- 




_ j- 

- 7T j *3 

— od 


But by Theorem (G) 


^ ^ = - y* flS.C.j - Sd-o.j- - 


Hence 


= ~f + z £- 0 l f- 

'to* 3 4 • • • • (4*4* 6 ) 


( 4 . 4 . 3 ) and ( 4 . 4 * 6 ) may be considered as two methods of inverting 

-£*” , or more precisely, expressing f(x) in terms of / (*.)• A 
V 3 d 

formula of the type (3.4.1) is not possible here, and for that 
matter, for any -£*(%) (n > l) because in these cases 

v-n 

/ 


/* 

J o 


does not exist. 

The above two results can easily be generalised to cover the case 
of 

Jr. 


/•> 


(n +ve odd integer)> 


namely 
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l c-*)*- H 1 0 

= (r 1 ) f > 


•••• (4.4.7) 


and 


TT r C f * (%+Ar) M = 

*1-1 - 
= (-/J 1 [_f ' Cn-O& o f*- •" * ^r» -t° f J .(4.4.8) 

(4.5) We now prove a general theorem on the equivalence of the 
kernel and the g.f., namely 

THEOREM . Any Compound Boae transform of order '4n + 1* (n a 0,1,..) 
has its kernel and g.f. equal. 


Proof . We first state a lemma. 
LEMMA. If A# = 


l- Ry(l*l) (!*)£ !) 

O (l*t>l) 


4n + l 


I- 7 T (1*1) (ills D ? 

u O U*'> 0 >s 

j, . ‘inti 

then (■;<-*}**) & j>- A < y ] = -tsy*],-*]- 


A = 

‘inti 


Let B lt B 2 ,.. B 4n+;! be 4n+l Boas transforms with 1^, h 2 ». 


1 h 


4n+l 


as their respective g.fs., then the kernel of 


h*2' 


’W 


....(4.5.1) 


is h^h 2 « 


obviously 


u The Fourier transform of (4»5«l) is 

' 4n+l 


C .>*j w W*;7T \ 

— —4. ■5^-v' x ^ / — A J- (t>y the lemma). 

Hence taking the inverse Fourier transforms of each side, we have 

B j ^ it ^ J 1- fl\ A y [m) 1 ^^ oLxlcU . 
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CHAPTER V 

THE DIFFERENTIAL OPERATOR h(D) 

AHD 

THE EOAS TRANSFORM 

(5«l) It has been shown in Chapter 2 that the Goldberg trans- 

p 

form of a function of L is the derivative of a function also of 

2 

L . We now establish a similar result in connection with the 
Boas transform which has a polynomial as its generating function. 
As this result depends upon an extension of Theorem (M), vre 
therefore prove the extension first. 

Extension of Theorem (M) . If and all its derivatives upto 
and including that of order n - 1 are absolutely continuous and 

?'* ?">.. 

belong to L 2 , then the Fourier transform of is 

(' X */ 1 $ (*-). 

Conversely if and x £(*■), ( n +ve integer), belong to L 2 

then all the derivatives of <jf upto also belong to L 2 . 

t>*rt 

Proof. The first^can easily be proved by the repeated applies 
tion of Theorem (M). For the second part i.e. the converse we 
notioe that when 

X * 1 $ (*J and (x) 

belong to L 2 , then X ' (£.(*) also belongs to L 2 , since it 
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is clear that 

X ' &C*) £ L 2 ( -00,-1) and L 2 ( 1 , oo ) 

for n £ 1 (F(x)/x € L 2 (- *, -/ ) & L 2 (l, o<s ) if F(x) £ L 2 ). 
Moreover as <|> (xj belongs to L 2 (-l,l) 

X ^ (p *1) 


belongs to L (-1,1), and so 


x"*’ / 


belongs to L . Repeating the above argument we find that 


2 He*), t ?' 2 <£(*■), . ,*£(*; 

2 

belong to L , The repeated application of the converse of Theorem 
(M) now gives the required result. 

We also find here, by (0.13), that 

«*>. *•<*). ?■•(*) . & ~%) 

tend to zero as x-> ±00 . ....(5.1.1) 

(5.2) THEOREM . If f(x) <£ L 2 , and h(x) be a polynomial of degree 
2n - 1 satisfying (3.1»3)» and 




f 7(^)1^ + 
— 


f '£('<*.) 'loU- 


j 


then 


4 ^ = ' /C '£(*})<£,&)+ ....(5.2.1) 
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where h(iD) is the differential operator obtained by replacing x 


in h(x) by 


iD “ ife* 


2 

and ^ and ^ 2 are some functions belonging to L , such that 


£, W = fW 

0 

(/«'*>) 7 
0*1 >0J 

Q.C*) = o 

(/*/ ±1) 


r 


....( 5 . 2 . 2 ) 


'C <r(x) 
OL 


(j*l ?/) 


J 


» F » a 11 * 1 0 have the usual meaning. 

Proof . As h(x) satisfies (3*1.3) it is, therefore, of the form 


9 7 )./ —3 

-f + ' 


-t- a m *. 


where the are constants such that 


■n. 


a y = /. 


r=/ 


-(5.2.3) 


Thus j~ (x) oan be expressed as 


> Zz-rf 


— oo 


/n 


= 




/ 

' / 2i\-xr+} 


(in the notation of Ch. 4). 

....(5.2.4) 
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be the Fourier transform of then by (3*4.6) 


F(*) = 1 


3> C*J 




sC S^yiot (x.) (/*/-> I) 7 1 


since here h(x) - x^ ( v odd). 


Henoe 


3» (*) £ 


X* 

for all odd >> , and 


3 1 (."*■) __ <^ut x J 

£/*/*/;' 

x v */<■ 




....(5.2.5) 


for all odd values of At and 9 • As ^£ L 2 (- oo , - l) 

/ x v 

and L^(l, o* 3 ) it belongs to L 2 , let then 


L 3x frJ - ([*1^0 

x v 


....(5.2.6) 


?iC*; (/’t/p/; 

where ^(rt) and vanish almost everywhere in/x|?l and jx/ 4 1 

respectively. Obviously then 

= /=(*; (> x/ 35 

d* lsl ) ....(5.2.7) 


for all odd >/ • 

Now by (5.2.5) again for all odd >/ 
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<hL*) - 3-iC^-J (/*!>'). 

Again as j/ (*) £ L 2 , let 

x. 

3, c■*) = - *'* Ci) (i»t >0 

where £.(*■) vanish almost everywhere in |x|^ 1, then according 
to OolMerg [5] 



since 0(x) in /x|> 1. 

Hence 

J* (*) = -« $ 2 C*) ....(5.2.6) 

for all odd )> • Combining (5*2.7) and (5.2.8) we obtain for all 
odd V 

3yL*) = -**”§,(*) - ** § Z C*). 

Taking the inverse Fourier transforms of both sides and using 
the extension of Theorem (M) as proved in (5*l) we get for all 
positive odd integral values of 

- - *• C* C*) + £'c*) ....(5.2.9) 

where, as usual, ^ $2 3X6 tlie inverse Fourier transforms 

of and . In (5*2.6) we may also take 

<E,fX = $ 

then ^ m F in [ x J £ I» and- 
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£(*) 


and so by (5»l) 

f*W = - (*'*??(*). 


....(5.2.10) 


Using now (5*2.4) and (5*2.9) we get 

-y- P iy, ~ 1 / . Y*' ^ ~ 1 / 

{*(%) = -* + • * • ' +wvjfa) 

/ n 

+ 

y-i 


- -*.& ('Ll)) (f t (pc) + $^(%). (by (5.2.3)). 

Corollary 1. All Boas transforms with polynomials as g.fs. can be 

2 

expressed as derivatives of the first order of functions of L . 

We need only prove here that 


-U(»HW - f (*) 


where 'j'fa) £ l?* Now 
h(x) - X 



OC + 


- x p(x), say, 

then 

h(iD) * iD p(iD), 

and as ^^,......... , belong to L 2 

^ - p(iD)^ 


-t- 
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also belongs to L , henoe 

- Wi) / - f' 

Hence w 9 may also say that 7 ^^ is, by Theorem (2.3)* the 

2 

Goldberg transform of an L function. 

Corollary 2. If F(x) » 0 (a.e) in /x| > 1, then F(x) « £ C*-) 
and so 

(tl) — -/<• (*• 2)J f’C*-) • •••• (5*2*11) 

The above result is analogous to the theorem on the equi¬ 
valence of the derived function and the Goldberg transform. 
Using Corollary 1, we may write ( 5 .2.11) as 

= Jj- (/>(*>■>) ■ 

On the other hand if F(x) - 0 (a.e) in /x / ^ 1, then 

§,(*) - 0 (a..), 

and so by (5.2.2) and (5.2.8) we get Theorem (D), namely 

*£(*) - 

(5*3) The Function sin x/x. 

We notice that the function sin x/x plays a very important part 
in the theory of the Boas transform including the particular 
case of the Goldberg transform. In fact the Goldberg trans¬ 
form formula 

//if*; = [*£(*+*) 

- oO 
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may also be written as 

f,h = ir p l^r-* C*#)}* 

-oO 

since 2) f ) — 2 f Ce-f/ud- o(m, — - C U-oUa. } 

K 'ir / Jo J o 

D being the differential operator , and if 

X 7^ = ....(5.3.1) 

Heyvood's inversion formula (0.12) may be written as 

- /(*) = $rf 2, W; m 'S- (*£)} ^ ■ 

— cA 


Again as 

j'm^aUcU = 


for all positive odd integral values of V , the Boas transform 



Cm oL-k^j c ^~ 


may be written as 


— oO 
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Before we attempt to invert the formula (5* 3*2) for the parti¬ 


cular value ^ B 3 , »e prove a result involving 


"3 f 


J )' 3 ( 


namely 


fi'X.+'t) = 


/Cum, 

f—^OC 


/ #- - 




....(5.3.3) 


which may also he written as 




since according to (5*3*1) 


/ Jr _ 

3 3 ' Jr 


f [' m4- . 

J. y. 3 


To prove this we need the following lemma. 

LEMMA . If be absolutely continuous and and £ L 2 

then 

(i) /L 4= f I (/(*. + *) I ~ o for all x. 
T-** : J ~T 1 

(it) s£uyy\ -J— f J4r <4(xt-t-) I ~ O n • 

t-^oo r 2 J- r ' rL y/ 
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(iii) -=? f A: 0 (%t^)cU-0 for all *• 

i oo / j — y 

(u) - ■ 
(T) AzA ■ 


Proof of the lemma, (i) and (ii) are proved by using Schwarz' 3 

2 2 

inequality, since $jf(t) £ L' and t £ L (- T, T). (ii) ms y also 
be deduced from (i) by using |t[$ T. 

(iii) is obtained on integrating by parts and then using (i). 

(iv) . Integrating by parts we obtain (+) 


-U [ T /(*■+*) 'IzJ^LcUcU - 

TSo 0 T Z J 0 ' L y j 0 AA.T- 


- /dw 

T~^ oo 


J 

T 


J ( /- jr) $(% +jt) oL*~ oU 


the first term now tends to zero by (ii) and the second by (i)» 
hence we get (iv). 

(v). Here also on integrating by parts we get 

T* cUdJ. ~ 



/ 

/— 

AJ.T- 


oiu.olS 


9 


( + )• The first term on integrating by parts becomes zero on subs¬ 
tituting the limits. We omit it every time we integrate by 
parts under similar situations. 
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On further integrating by parts both the terms we get 

/Cm f — ~ x '* tAX< ^ d;. ~7 T _ 

T-foo T 2 - L Jo ■« 3 J 0 

- tz z f T </>[*. + £) f ’cUoU _ 

~T—?oO Jq Jo y/Z. 




/ — &rs sU-4- 

~ A4.1- 


cd oC4- 


+ ^T^oo T ! C‘ T ) 

o ^ 0 'U. 


cdoCi 


Now the firet term tends to 0, sinoe ^(t )—* 0 as t —*oo , and 


J. 


“ /didA -(v/ 

~AJL*~ 


oU / s K*' 


the seoond term tends to 0 by (ii) and so the third, the fourth 
tends to 0 by (i). Henoe we obtain (v). 

Proof of (5.3.3 ). By (5.2.10) f^(x) « - <jf"' (x), where 

F (X.) = $C X )‘ ( Ix/S 1 ). 

Hence the L.H.S. of (5* 3* 3) 

= ] °°<f (■*+*) oU, 


since by Theorem (L) the Fourier transforms of the L.H.S. of 
(5.3*3) and the above expression are equal. 
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We may also write 


/ 04 <f (x + Ar) [ T (l- l J-/^C^) ± ^ : ‘ ,U 

~oO ^ T-?"5 ~Y 


Integrating now the R.H.S. by parts we get 

T f t T l ~ 

— J!m*\ f £l— ji ('H.-h'tr) f . 


The first term tends to 0 by (i) of Lemma, sinoe 

y '* qIjj^ 

0 Ax 

is a bounded function of t, and the seoond term on integrating by 


parts gives 


- A. 

T~9oo T 




"'H. [\" ^9V J l IzJg^ic^cU. 

The first term again tends to 0 by (iv) of Lemma, and the second 
term on further integration by partB becomes 

^ M rf T t" f ) ft■*+*)/*=£**« - 
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" ! T 0~ t rJ Z ^ L • 

The first term tends to 0 by (v) of Lemma, and the second term, by 

( 5 * 2 . 10 ) becomes 



This completes the proof of (5*3*3). 

We now prove a theorem on inversion. 

(5.4) THEOREM . If f(x) £ L 2 and f*(x) be as given by (5.3.2) 
(>>- 3), then 



J- 

7T 


f 6- 49V> 


....(5.4.1) 


Proof. We may write 

o° ^ 

{(.*)=-*?! £(***)* if J frt*) * 

— oO ^oC 

....(5.4.2) 

since the Fourier transform of the first term on the right is by 
(3.2.2) 

0 (['X/S/) 

<Afr,X? 3 (*) C M? 0 

where, as usual, is the Fourier transform of f^, and by (3.4.6) 
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%(*■) =-**#** Ffr) (/ x /> i). 

Hence the Fourier transform of the first term of (5*4.2) is 

0 (/9C/£/Jl 

fc■*) Q*i >0j 

and that of the seoond term of (5*4.2) is hy Theorem (L) 

fc*-) (rx-i&'J 7 

a (1*1 * OJ 

(5*4*1) is now obtained by applying (5*3*3) to the seoond term 
of (5*4*2). Henoe to sum up> if f(x) 6 L and 



Remark . We may prove in much the same way that 

T~?°° z_j * 

where f^(x) is given by (5*3*2) (3>» 5)* Henoe it appears that^ 
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in general, for >> ( V any +ve odd integer) the formula for in¬ 

version may,most likely,be 



( 5 . 5 ) The above theory oan also be applied to general Boas 
transform with polynomial as g.f., say as in (5*2) 

p e , „ vn-l „ 2.71-3 . 

'ht'*) = Ol/TL -h Ax* 

with a n / 0, and suoh that h(x) has no other zero in (0,1). 

In this case, if f(x) £ L and f fa (x) be its Boas transform 
with h(x) as given above, then 

£(*) = ft<*+*)l 

* —- oO 

....(5.5.1) 

and inversely 

-fto = *?] 

—oO 

....(5.5.2) 

Proof. By the definition of f^(x) 

(*)=*? J ft* +<*■) l + f e '-<t«-J ^] M ■ 

— 


Now as a n J 0, h(x) is of the form xp(x) where p(x) is an even 
polynomial (say ■ q(x')) and does not vanish anywhere in (0,1) 
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Hence h(x) satisfies conditions (3*4.2) and so by Theorem (3*4) 


- ito -- # rf\*(*+*){*£+ L'^>^} cU 


Hence we need prove here that 


- J^fa}*u**UcU , .,..( 5 . 5 . 3 ) 

and -77.-7 .(5.5.4) 

A(<2>) "t J 6 '*.(«■) 

Now as h(x) - xp(x) » xq(x 2 ), ih(iD) ■ - Dq(-D 2 ), and so 

,i A. L-C Z) = - 2) p (j-D V J us*u clu, 

= fvt'#) ■M. C?lu = f ^[44 ) / 4A4A.'Uj- olu.) 


2 2 

since q(-D )sin ut ■ q(u)sin ut, and thus we get (5»5»3). 

The case of (5*5.4) is similar except that here we have to 
justify the change of the order of integration. This of course 
is permissible here beoause l/p(x) is bounded in (0,1). In 


fact, here, we get 


't A+* / 
-£(<■'2>) * 


/& 


pC-WD * p 

__ ^ 1 — - <u^4- 


9/C-b ) J* /<A - 


/* ' A^A^j j^ 

J 0 JL£uJ 



and this completes the proof* 


Note* The case a n ■ 0 will he discussed in the next chapter , 
after we develop the theory of even generating functions* 

We will find there that the theory of even generating func¬ 
tions is a prerequisite for the discussion of a general odd 
polynomial* 
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CHAPTER VI 


EVEN GEHERATINQ FUNCTION 


(6.1) Till now we have confined ourselves to the case when the 
generating function h(x) was an odd funotion. The way h(x) was 
introduced in our discussions of the Boas transform (cf. p. 38 ) it 
could not he otherwise. But we notice that 


f £ t'H ) A***. 

» n 


2 

exists and belongs to L , if h(u) is an even continuous function 
of hounded variation on (0 f l) (one such example is that of h(u) 

• 1, when vie get the Hilbert transform). We take first the 
simple case of h(u) » u y ( V any +ve even integer). We notice 
here that 



is the yth derivative of 


—-= /* oLk. . 

£ 


Thus Jl = ( 6 . 1 . 1 ) 


The Fourier transform of 


is 


f£ 1 — 

\lT Jr 


i sgnx 
0 


( lilSl ) I 

( /*/ >1 ) • / 
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Hence by (5«l) 


/# 


# > 


y l— In4r 


't 


£ L‘ 


and its Fourier transform is 


(~ i *.y ■lsj^'x. 


o 




Hence that of (6.1.1) is 


x ot x (?•*/ £ (J 

O (J* /? 0. 

If now f(x) L L 2 , 

-±r^r 


— oCi 


also belongs to L , and its Fourier transform is by Theorem(L) 

't S^MX -k* F(%) (/*l£ l) 7 

Q ••••( 6 » 1 «2) 

By (3*2»2) the Fourier transform of 

T ' 0 J~fC*+*)es£'tb 

-O 0 

o (|x/Sl) 

- i sgnxF(x) (/x|> 1). 


is 


Hence for even >> 


y -/ 7 f f ('*-+£) J ^r" + 

~~aC 
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2 

■ (.*■)* sa y* exists for almost all x and belongs to L , and if, as 

usual, be its Fourier transform then 


iw = ' KSf** I- 


where for even 


or 


F(*) = 


Henoe for even 




/ - * v (t*l$ I) 

0 (/*/?/) 

<■'*>* 3- y (*) Q Xls Ij 

X v 


t L\ 


2 

Let now {^(x) i- L , and be such that 


£(*■) = 


AW 


or 


% (*) = ** $(*), 


i ■ e. 


§ (%) - &(■*■) (/* /SI). 


Hence by (5.1) 


/ *(-*-) = (< zf f (*) 


....( 6 . 1 . 3 ) 


which shows that even here,as in (5«2.10)> is the * th deri- 

2 


vative of a function of L . 

If now F(x) " 0 

then G(x) » 0 


(lx/ > 1 ) 


?(x) 


and so 


g(x) • 



Kenoe for even >» 


f* (*■) = }(*■) .(6.1.4) 

We may recall here that when V is odd, then under the above circum¬ 
stance (cf. (5.2.11)) 

£*(<.) = -*(+*//(*). 

The formula (6.1. 3 ) can also be expressed in a form similar to 

2 

(5.2.1). Let 5 ^ and <j( 2 be two L functions such that 

= &• (/*/ ^ 0 

O ([*1 ? 

and 

- 0 ([*' s ') 

Cr (!*' 7 Of. 

then for [l| >1 = S~ — 

and as for /x| > 1, and V even = 3- 0 

we get for lx I >1, and V even • 

Moreover for jx/ 5 1 ~ ^ . 

Hence for >> even = * V ^ , 

and so by (5*1)* when V is even 

// = (**/&, + 01 ....( 6 . 1 , 5 ) 

We oan now prove theorems similar to (5-2) and (5*4). 
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(6.2) THEOREM . Let f(x) <£ L 2 , and h(x) be an even polynomial 


of degree 2n, such that h(0) = 0, h(l) - 1, and f^(x) be the 
Boas transform referred to the above h(x) as its generating 
function, i.e. 




briJr 




then 


where 


and 


— oo 


r*(x) 


t(iD)^ 1 (x) + ^ 2 (x), 


S. 


3* ■ 


G 

0 

0 

G 


(|x(Sl) 

(N>D 

(/x|*i) 0 
( |x | > 1 ) , 


i.e. and are the functions of (6.1.5). 
Proof. As in (5*2) 


oo 


A c *> 


n 


= £ ir. p J /(«+*) + l 


V= / 


— oo 


J 



^ r~ in-ZYi-2. 

“ 2 K by (6.1.5)) 


- hdD^U) + ? 2 U), 

/n_ 

sinoe here also a r “ If a»d of course h(x) 

Ys-I 


m. 


Zv 

r=/ 


2*--2.Y+Z 
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Corollary . If F(x) - 0 (a*e) for fx| >1, we get ^(x) = 0 (a.e), 
since ^ * 0 * 0 for fx/ > 1, and ^ ■ G (a#e), and so 

when h(x) is even 

f*(x) - h(iD)g(x). ....(6.2.1) 

It may he noted that (6.1.4) is a particular oase of (6.2.1). 

In case of F(x) - 0 (a.e) for |xj $1, we find that 

{^(x) - 0 (a.e) 

- 0-0 for /x/ 1, 

m 0 (a.e). 

S * 2 - St 

f^(x) - g(x). ....(6.2.2) 

Thi3 shows that Theorem (T) is true even when the g.f. is even. 

(6.3) THEOREM . If f(x) and ^(n )be as above and V an even 
positive integer, then 

/>- i' <■ «>■*/ 

....(6.3«l) 


since 
and 
Henoe 
and so 


and inversely 


....(6.3» 2 ) 

We first prove a lemma similar to the one we proved in (5.3)* 
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LEMMA . If <j> Z. L' , then 

U) ~T f for all 

(ll) f 
<1U) 


Proof of the lemma. 


(i) Using Schwarz’s inequality we get 


±4) I M- $ 


Hence 


r- - -— 

_ ao ^ 


£ K j - K \ T^T-^T^T+2T-zJf 

^pL ~T I J/ty /H* ±4r > / 


= [ Jo * J, ] 


Now Uy (i) of lemma of (5* 3) 
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t Jfa*) !*-!=¥** - t fa**) U'+f *}'■=*?** 


Again by (i) of lemma of (5«3) 


S 7 / ± *- ) S t -L-^^oUcU-o , 


since t £ 1, and as 


11 T </(*±*) j^lzMdLeUM j * 


and so tends to 0 as T •—?°o by (i), Thus we get (ii). 


(iii) 


/V^ x± ^ y. oUoU ^-0 


by (i) of lemma of (5»3)» since 


±g /0L - ^ 


is bounded in 0 $ t $ 1. 


Now for t > 1 


f ' otu. - A: f M ' Aa ^ /U - oLk. 

J 0 Ax'*- Jo AX' 1 - 

* * l So ^ J*] cU 


< Kt + 2t logft 


(K a constant ), 
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Hence 

/ J, T i(**+) 

$ J t A: I flOx±£j/il A 

+ fz Jj T A-A+y* 10C* 

and both these tend to 0 as T—? co f the first by (ii) of lemma 
of (5« 3) and the second by (i) above. This completes the proof 
of (iii). 

Proof of the theorem. (6.3.1) follows at once from (6.1.1). For 
(6.3.2) we write, as in (5*4.2) 

- #*; = £ rff *(*+*)%£■ - * ±^cU. 

— oQ — oO 

....(6.3.3) 

Now the seoond term (with the -ve sign) on the right of (6.3*3) 
is by Theorem (B) 

- * 

— ad 

= 7? f oil - ....(6.3.4) 

— CO yt ” 

where /(x) is as in (6.1.3), so that for Jxf^l 

§(*) - 6 - 6 *). 

We may also write (6.3.4) as 
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m. * r T ( , - ! 7 -Tfr+*> ! =T-* M - 

Integrating it by parts and, as usual, discarding the first term 
(it becomes zero on substituting the limits), we get 


T-^oo 7T T 


/ r T ('- t 9 ^ - 


the first term tends to 0 by (ii) of lemma and the second on 
further integrating by parts becomes ^ 

4* yf T o- 

T-3 0° J -T 1 ° 




If we again integrate by parts the first term we obtain 

- — . /* f fx fJ'J f /Uy f' " d't -*■ 

T-?c* 7rr 2 J_ r r J o m. 2 - 

+4=,, -i? jy^o-") 

and both these tend to 0 by (iii) and (ii) of lemma respectively. 

Hence we find that (6.3*4) 

= £ [ T (i- &)y%+*)ji±^f±cLui 

T~^oo ^ J-T 0 
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— — JLoyv\ 

T — 


T 


L T T 0-^f£ *(*+*>/. 


einoe by ( 6 . 1 . 3 ) f 2 (x) * - $^"(x). 

Substituting this value in ( 6 , 3 . 3 ) we get ( 6 . 3 . 2 ), since by the 
definition of the inverse operator l/D, as given in (5«3«l)» we 
find that 



/ 


'Cc'i' — /4 aa*. AaA- 




/ /- c+jJr 

D*- At 


We notice that the formula (6.3.1) is true for all positive 
even integral values of V , but the inverse formula (6.3*2) 
is proved only for V = 2. We can, in like manner, prove it 
for y - 4, and so it appears that the general inversion formula 
for V, an even positive integer, could possibly be 



(6.4) THEOREM . If f(x) £ L , and h(x) be an even continuous 
funotion of bounded variation on (0,1) then 

fJ ^ + J ^ l' 0 -) ^ 

— oO 

....(6.4.1) 

p 

exists for almost all x and belongs to L . 


Proof. Consider 
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D J 

then 5^60 ^ L 2 . Let ^(^be its inverse Fourier transform, 
then 

W = ^ /'^ 

[strJ sdsi*r>.o{^X''of-M , 

Henoe the second term of (6.4.1) is the convolution of 
f(x) and'^-x), and so by Theorem (L) has 

-iSfvntWFfr) (1*1*0 7 (6 4 2) 

f c (y>0J 

as its Fourier transform. Again hy Theorem (3*2) the first 

2 

term of (6.4.1) belongs to L . Henoe (6.4.1) exists for 
almost all x as an L 2 funotion, say as usual, f^(x). If 
he its Fourier transform, then hy (3.2.2) and ( 6 . 4 . 2 ) 

£(%) = -/t 's^'k ....( 6 . 4 . 3 ) 

where 

Af ■= / _ 4.C*-) (l*l£ 0 % 

0 (1*1 >oJ 



( 6 . 5 ) In the light of the theory developed above we see 
that theorems proved earlier in connection with Boas trans¬ 
forms with odd g.fs. such as (3*7) and (4.3) are also true 
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here. The proofs will exactly he similar to those of (3*7) and 
(4» 3)• In oase of (4.3) we may have a general theorem covering 
both odd and even values of h(x), viz 

GENERAL THEOREM . All compound Boas transforms of the same order 
and kernel are equivalent almost everywhere, where the individual 
transforms are not necessarily generated either by all odd h(x) 
or by all even h(x). 

Proof. Let, as usual, the order be 2. Let h^(x) and k^(x) be 
even and h 2 (x) and kg(x) be odd, and let B^, B^, B^, B£ be the 
Boas transforms generated by h^, h^* k^, k^ respectively. Let 

h^x) h 2 (x) - k^x) k 2 (x), 

then we have to show that 

B x B 2 f - BJBJf. 

Now as h^ and k^ are even 

A , L +) ....(6.5.1) 

The Fourier transform of B^B 2 f * s 

- F(*-)A, 0*0 ([XI*/) 

-F(*-) (l*l >/) 

- - F(x)'ti l [%)'k z 0*1) (r*l$0 

- fc*) d* /?/ ) 




0 >y (6.5.1)) 
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and this is the same as the Fourier transform of B^B^f. Hence 
the result. 

Remark. It may be noted that we have already used an even g.f., 
viz h(x) ■ 1 in the illustrations given in (4»4). 

(6.6) THEOREM . If h(x) be as defined in (6.4) and be such 
that 

h(x) » 0 nowhere in (0,1), 


and if 



J.pj /(*.->+) 5 + 


then 

— exJ 

....( 6 . 6 . 1 ) 

Proof . ( First Method) . As h(x) vanishes nowhere in (0,1) 
l/h(x) satisfies the conditions of Theorem (6.4), and as such 


—cA 

2 

exists for almost all x as an L function, provided 
and may be denoted, according to our notations, by 
How by (6.4) 


oil 

H £ 
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Hence the R.H.S. of (6,6.1) 



1 * 

Now is a compound Boas transform of order 2 and kernel 

h/h - 1. Hence hy Theorem (6.5), if H(f) denotes the Hilbert 
transform of f, 



2 

and it is known that H (f) = - f. Hence the required result. 
( Second Method) . As h(x) does not vanish anywhere in (0,1), 
and if 


Tkto = 


— too 
0 


(Ml?l) J *- (6 * 6 * 2) 


then (*) t L 2 , and if be its inverse Fourier trans¬ 

form then 


n*> - Af.'mf"- 


Hence the Fourier transform of 

- tsy/w 


is by Theorem (L) t where <¥(*.) is the Fourier 
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transform of f^OO, and therefore by (3.2.2) the Fourier trans¬ 
form of the R.H.S. of (6.6.1) is 

/t' 

I- A*, 

where A £ is the same as in (6.4), and this by (6.4.3) is-F(x). 
Hence the required result. 

( 6 . 7 ) We now consider the case when h(x) is an even polynomial 

say 

a 2 ^+ .+ W 

Here h(x) satisfies the conditions of Theorem (6.4), hence 

* * ....(6.7.1) 

2 

exists for almost all x, and belongs to L . For inversion we 
consider the different cases separately. 

Case I . h(x) / 0 anywhere in (0,l). 

Renee it satisfies the conditions of Theorem (6.6), and so 

....(6.7.2) 


Using the differential operator h(D) the two formulae (6.7.1) 
and (6.7.2) can also be written as 
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£%)= t ? / — oU , ....( 6 . 7 . 3 ) 


- /(*; = T 1 ’/ ^ M) { 6.7.4) 

- oO 

2 

Proof . As h(x) is even, let it be p(x ), then 

dL(*2>) - / ~^ r — = JL(*J>) eU. 

*“ f f A\/i- pLa — ^,6t )s4a*s\ svd-c(/A. y 

and ~J7^ - —^—rr 


— f ' ±^i oU, 

J C 7 


since h(x) / 0 in (0,l). 

Case II . h(x) = 0 only at x « 0, and nowhere else, i.e. 


n + 1 


Hence 


h(x) 


L a /*‘ 


Z.'H- 2- 




2 

- x p(x), say, 


where p(x) is an even polynomial such that 


p(x) y/ 0 anywhere in (0,1), 


i.e. p(x) satisfies the conditions of (6.6), and so 




( 105 ) 


fl r 1 ^ 

VA J 0 


is a bounded function of t, 


and belongs to 


L 2 , with 



....(6.7.5) 


as its Fourier transform. Now by (6.4*3) 


FC*) - 3-C*) ( M/s ,\ 

* sp*x 3t*) 


....(6.7.6) 


and so £. L 2 ( -1,1 ) or for that matter to L 2 . If we write 

■K x 


or 


$(*) = l&L 

— 1 7 X 2 - 

3-fa) - xfa <&fa) 


....(6.7.7) 


then both (£fa) and X ^ fa) belong to L 2 , and thus by (5.1) 

/ (the inverse Fourier transform of ), /' and all belong 

p 

to L . Hence taking the inverse Fourier transforms of ( 6 . 7 . 7 ) 
we get 


* / » 
f h (x) 


- 0 "(x). 


....( 6 . 7 . 8 ) 


Now as in ( 6 . 3 . 3 ) 
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— if F J+ iSTc***)^*. 

— a<5 — oO 

....(6.7.9) 


As before the Fourier transform of the second term on the right 
is given by 


F(x) (|x/Sl) 

0 ( |x| > 1) 



(by (6.7.6)&(6.7.7)) 


and the inverse Fourier transform of this is 

' i fj****) J 0 '^j&f ^ • (ty (6 - 7 - 5)) 

Hence 

i J "*(*+*) J ■ 

-o4 — ot o r<- / 

....( 6 , 7 . 10 ) 

Before we proceed further we prove a lemma similar to the one 
we have proved in ( 6 . 3 ). 

LEMMA. If <} £ L 2 , then 
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Proof of the lemma. 


yt 

J- \ T <i>UtA-) oUoU = i ffait) f '-^ IL-dUt 

T V 1 ~K«) TJ i J 0 m HV 

- jf fai*) + fd(*±*J flzds£-U*<&. 

' J ' r J . M p&) tJ, n 'J, Mf(i) 

The first term tends to 0 as T —? od t since l/p(u/t), for t > l y 
is hounded ( p(u) is hounded and non-zero in (0,l)). In the 
second term, for t > 1 




(fC a constant) 


$ ZK J 


* 2K logt. 


Thus 

^ j (/) (n ± £) J oil , 

and so —> 0 as T —^ o o , hy (i) of lemma of ( 6 . 3 ). 

(ii) As in (i) 
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= 71 f T +<t(*±+) f ^ 


- '*~ X4> * 


^ f 2 - f Ar^(7t±4r) j A ±izjgyiiL . 

J i J > */>(%) 

The first terra tends to 0 as T—^ *0 , by (ii) of (5*3) since 


/ - 

y/l 




c(m. 


0 ^Kf) 

is bounded for t 2 l t and in the second term 



5: 2 M 


l ' 


✓6" 

d»-_ 

M- 


- 2 M logt 
(M a constant), 


and so the second term also tends to 0 as T —^ 00 , by the lemma 
of ( 6 . 3 ). This completes the proof of the lemma. 

It may be noted here that 


— (* d('K±>fr) f AA ^~ ' oi^cU* - 0, 

7—900 T -j Q : J 0 *U' t j (•**.) 

Proof of the t heo r e m (Case II) . Let us write the R.H.S. of 
( 6 . 7 . 10 ) as 



T—?oo 


X 

7T 



^oUoU ■ 
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Integrating it by parts and discarding the first term as it vanishes 
on substituting the limits we get 

- ^ iff fo- ^ + 

The first term tends to 0 by (i) of lemma above, since here 


^ r /_ ' ?(*+*) 'l^0cU<U 

is obviously zero beoause - 1 $ t •$ 1* 

Integrating further the second term and, as usual, discarding 
the first term wo get 

- 'feL * f T r 0- 

Now the first term on integrating by parts gives 
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Both these tend to zero, the first by (ii) and the second by (i) 
of the lemma proved above. Hence the R.H.S. of (6.7.10) 


— - —— f f l*l\ X ~rl 

7-9 oo 






- T 


T-^ 




sU.‘ L f('U.) 


by ( 6 . 7 . 8 ). Substituting this in ( 6 . 7 . 9 ) we get 


/w - - $ r [ fj* +*) ¥+bfo-¥)£t«if' 


T 


Now as 


= ■ *«- //'" ¥J i %M> i f 

....(6.7*11) 

f ^ ~ _ 1 P / ^U^W / 

^ - r-i y 


and 


/ ou. 

O />(«-) 


oould be written as 


_ t / 


since p(u) is even and / 0 in (0,1). We may write 


XxA — XL'Ua. Ay~A 


stL 


X f0 u -) 


- olu - _ 


/- 




l-c*s£ 

■& 


"A (<J>) 



(Ill) 

(6,7*11) oan, therefore more appropriately, he expressed as 


iCx)= 


This oompletes the proof of the theorem for the case II. 


(6.8) In the preceding chapter we discussed the inversion 
of the Boas transform generated by 


Z'n-l 


zn-3 


a c. n — t ’isn w 

'KM =: df* t -t . + 9 


where a^ / 0, and h(x) not vanishing at any other point in 
(0,1), We are now in a psition to disouss the oase a^ = 0, 

i.e. when 


h(x) - x 3 p(x), 


p(x) even and non-zero in (0,l). We show here that 
THEOREM . If f(x) £. L^, and h(x) he as defined above, then 



Oa 

= ir f fa, 


- ao 


<4r _J 

....(6.8.1) 


and inversely 




C-erff , fa _ 

•6- ^ M-0>) * J 

,...( 6 . 8 . 2 ) 


Proof. (6.8.1) is obvious from (5»5*3)• For (6.8.2), following 
the arguments of the case II of (6.7)» we find that 
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with 


1/pU) (1x1$ 1) 

o (/X|> 1) 


as its Fourier transform. Again as in Chapter 5 


AC/XI) 


(l*IS IJ 

J 

- ^ (lii£l) 

by the definition of h(x). Hence as in (6.7) 
£(*; = * 

OL S 

and 7*- '$(*■) both belong to L^, and so by (5.2.10) 

= - f ' H , 

where $ is the inverse Fourier transform of . 

as in (6.7) 


....(6.6.3) 


.. • • 


( 6 . 8 . 4 ) 


. ( 6 . 8 . 5 ) 


....( 6 . 8 . 6 ) 

Hence again 


\ * 1 / 

/ fa+Jtr) = J fa +*r) jgj* Mm cU 


= -jL. f 0-¥)Y("*)M 

J 'T 7 7 ' yj c ^ 


_ 

jih Lr^. 1 
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which is obtained by employing the patterns of the proofs of (5»4) 
and ( 6 . 7 ) and the following lemma. 


LEMMA. 


(i) 

T —? 0 0 

J- 
r u 

(ii) 


1 

T z 




T 


y^v 


This can be proved easily by using the lemma of (5*3) and the fact 
that l/p(x) is bounded in ( 0 f l). 

How substituting ( 6 . 8 . 6 ) we get 




* 'fe. CO-%) & % +*)Tu 




eU, 

4U^J>) ’ 


since, as in ( 6 . 7 ) 


——~ f aaA- oLa. — 

-t 2> 1 J ~ 


K+ h ) 


oU, 

f>C^ 


7)3 J ^ ^ Jm. - - -±— rC^iUcL 

D J o ?(*.) J a Aa? 


Substituting this, therefore, in (6.7*9),whioh holds in this case 
also, we get ( 6 . 8 , 2 ). Hence the proof of the theorem. 
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CHAPTER VII 
SOME OTHER RESULTS 


2 

(7.1) We have seen in the two previous chapters that, if f £ L , 

/>* 

j, exists for almost all x and 

2 . I? L. 

belongs to L • We now prove a theorem which connects with ^ 

and may he called a generalisation of Goldberg [5] Theorem 1 (Theo¬ 
rem (e) in the Introduction), namely 

f^ = g — g.o. £ ....(7*1.1) 

Here in (7.1.1) Goldberg has expressed f* in terms of g which, as 
already 3hovn (cf. p.66), can be expressed as f Q . 

THEOREM. If f(x) and £(*) be as defined above then for all positive 
integral values of ^ 

-f = -f — • • • • (7»1» 2 ) 

" ? Jy-f *V-/ 

where S(4r) is the same function as in (7.1.1), namely 


4 


2 / - CtrsA- 

f ^r 


Proof. ( First Method) . By definition, we have 


$r [ °fc-Kr±) J ^ 


Hence 


/%;= f* f /‘‘/f* +±)jJ t 

' ' ~ l *L eO 


....(7.1.3) 
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Now as defined 


H /fr) - Jk -—~r- - J a O-^) . 

•>> / 

Henoe (4r) = ( 7 / J J(l-uj C*S‘U,IcIm 9 even 

/•' 

- ( 7 O /Ip f U? (1 - U.)av*“J-cl*. 9 odd . 

/I J 0 

As A(£) (of. (2.1.2)), the Fourier transform of <f(^vanishes 
for |t| > 1 , then 


*+/ ~ (nj 

£>?{*)= ' (*) ° W » odd (hy (5.2.11)) 

= -Xrt/ V even (hy (6.1.4)) 

where H / stands for the Hilbert transform of cT . Thus in 
both the oases 

&* (*) = f (H-!) 4^4*4 • 

Substituting this in (7.1.3) we get 




•a 


= fin Jfy***)*®^ (by Theorem(3.7)) 

— o4 



( Second Method) . As usual let 3y be the Fourier transform of 
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then as is known 


where 


Hence 


since 


FC*)[l- A y J 

4, = /-/*/’’ Qxisijl 

O (!*' > 4 ) 

£ - 3,., - l*-r A >l 

~ 3- v -> t -isp** F | A, 

a„_, -4, = /*/* - m/”"' (w/s/; 7 

o (/*/ ?/ ^j 


and so 


■7*= 3»-, A - 



a*"’)? 

Q*i >0) 


Taking the inverse Fourier transforms we get the required result. 


(7*2) As (7*1*2) is true for all positive integral values of 
V , we can also write it as 



+ (-Of«-h 

....(7.2.1) 


where by are as defined in (O.ll). 

Proof. Substituting the value of ^ ^ in terms of in (7.1.2) 
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Repeating this process we obtain 



and remembering that ^ we get ( 7 . 2 . 1 ). 

It can be seen now that Theorem (e) is a particular case of 
Theorem (7*1) and can be obtained by putting >* » 1 in either 
(7.1.2) or (7.2.1). 


( 7 . 3 ) The above two formulae can also be extended to the case 
when the g.f. is a power of h(x), where h(x) is a continuous 
function of bounded variation on (0,1). The two corresponding 
formulae in this case will be 



....(7.3.1) 


and 



tO }'°f 9 ....( 7 . 3 . 2 ) 


where ^ is as defined in ( 3 . 8 . 1 ) and are the same 

functions of ^ 


as are of 8 9 and 


* r J 

— oO 


& Jj*w} 


1? 




Proof. ( 7 . 3 .I) is already proved for > = 1, as Theorem (3-8)• 
For the general case we follow the pattern of the second proof 
of (7.1) and get as in Chapters 5 and 6 


JU. 
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w = -isf**. F(*) $ /- A c*j] 

where is the Fourier transform of , and 

J C>) 


b>) 


/ - 


Thus as in ( 7 . 1 ) 


AO*')}* (fxl^l) 

o (/*! > ') 


3~(y) ~ J\-»-D ^y-n ^0 


' b >-0 


e»-o 0) 


where ,A^is A^ of (3*4»5) and,as in (3*8), is the Fourier trans¬ 
form of f* . Hence on taking the inverse Fourier transforms we get 
(7»3»l)» For (7• 3*2) we substitute the value of j^^in terms of 

and then the value of /*" in terms of /.*" , and so on, and 
■^- 2 ; /(y- 2 ; * 

here also remembering that 


Uo) ' / 


we get (7«3*2). 


(7.4) Lastly we discuss the transform 


C*) = yf ? J f (ft tfy ^ > .... (7*4.1) 

— oC 


which is immediately obtained from the Hilbert transform formula, 
sinoe we notice that 

e iX q(x) 

is the Hilbert transform of e ix f(x). We may also write (7*4.l) 
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ft (*) “ 7t P J 'cha^A oU JM 

— 00 

which is a particular oase of 

/%; - ffj ft***) [ + A 

~°* ° ....(7.4.2) 

where, as before, h(x) is a continuous function of bounded variation 
on (0,1). If now j^be the Fourier transform ( cf^is not the 
(7.4.2) transform of 3~ ) of then 

3-%) = *'/ 0*0 F(n) 7 

since /!■ f (mJ Cv)mA oL\ £ with 

V A Jo 

(.!*■)) (J*l S !) 

0 (1*1 2 lj 

as its Fourier transform. 

Thus here also, if F(x) vanishes a.e. on |x|$l, 

3*( % ) - - 'Csfr*'* F(*) 

j * - ^ ....(7.4.4) 


....( 7 . 4 . 3 ) 


or 


and thus we see that Theorem (D) is true for transform (7.4.2). 
We may also express (7*4.4) as 

'4~+- 


' = - i 


a result analogous to (0.8). 




ft/result similar to Heywood j^6j Theorem 3 (Theorem (J) of the 
Introduction). 

(7«5) We now study the special case of the transform (7»4.2) 
when h(x) ■ x? where V is any positive integer, and denote the 

3> P 

transform with X ae the g. f. by . It can be seen now 

that the transform (7.4.1) is in fact -f*. We prove, as in (7»l) 

J 0 


that 


THEOREM. 


= -f + - ■f+o.f ....(7.5.1) 

J T> Jy-i J-f-1 


Af- .. 

J- - Cjj + .• C‘~ l ) e ^‘° , °Y ....(7.5*2) 

Proof. If be the Fourier transform of -f then by (7.4*3) 

■ — y */ v 
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= +/*i' 9 f(*) 

- F(-k) (r*l?/J 


(7.5.3) 


and so 


3^ = 2?T, ~ * H* '?(*)£(*-) 


4- 


■9-1 


where &(*.) is as given in (2.1.2). Thus 


Ti - 3+- ■£*. 


4- 


Taking the inverse Fourier transforms of both the sides vie get 

(7.5.1) . (7.5.2) can now be obtained in the similar way as 

(7.2.1) . 

Both these formulae may also be extended, as in (7*3)» so as 
to cover the case when the g.f. is a power of h(x), we have 
then 

4+ = 4 + - 4+ f 

J fv) ''(?-!) J {■>-!) / 


&-!) 


and 


C = 1/ - - +(-')*)«■£ 

where j > ( < K) is as in (7*3) or ( 3 . 8 ), and 

Results similar to those of Chapters 5 and 6 can also be derived, 
viz 


f v (*-) = - c-ofi', M + 4 X (*) ■» 



V even 
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or //w 

= -(*'!>/y>(*) 

A odd. 


^ even. 

In general 

C-K 

ii 

i 

■ 'i (*2)) 

h(x) odd funotion 

= 

* <(*2>) ^ 

h(x) even funotion 

where ^ is the 

Hilbert transform of ; 

and similarly for ^ 

Further 

VOi 

II 

'n 

(l*i s 'A 


<$! (*.) = 

(/*' S / M 


O 

(/*/ ? /jJ 

and 

% N = 0 

('*' s /; 9 


Cr(x) 

('*' 

and h(l) - 1. 

If F(x) vanishes a.e. for |x|>l, then 


/> = 

-A(*i>) ft*) 

h odd. 

— 

xi'A (■*])) f(*K) 

h even. 

Illustrations. 

h(x) = x , and F(x) o 0 

a.e ( |x| >1). 


q(x) *> if(x). 


(i) *>-<>, 
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(n) > -1, = - ig'(x). 

(iii) » » 2, f^(X) - - if(x). 

Here we notice that for odd values of >* we get a relation between 
the transform (7 - 4 * 2 ) and the derivatives of g(x), and in case of 
even values the relation is between and If we recall 

the corresponding results in connection with the Boas transforms, 
as given in Chapters 5 and 6, we find that the situation is Just 
the reverse there. Thus we may say that the transform (7 . 4 * 2 ) 
fills the gap which we find in the study of the Boas transform. 
This aspect is even more evident when we try to invert the trans¬ 
form (7.4-2). Here the formulae for inversion for the different 
cases would be as follows «- 

( 1 ) > - 0 , 

or f rj~) 

— oO 

(ii) y- 1 or 3, 



(Hi) 1 « 2, 

- ft') - 
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It will not be out of plaoe, here, to write the two direct 
formulae expressing f in terms of f(x) and the differential 


operator D, namely 


/*(*;= ir J ^ y oad , 

y _oo 

and ) ~ J P J f ■+ * Veven * 

— <*j 

Comparing these with (6.3.1) and (5*3.2) we find that the 

. U 

latter defines f if ^ is odd and f if > is even, and 
i v V 

0-4r f 

the former defines -f if ? is odd otherwise f . 

J y J j> 

(7.6) In general we may say that 

= £ r / Jt*+*) l ^ 

exists a.e. and £. L^, if f(x) and ^(x) £. L^, and are such 
that F(x) (-x) also £ 1?. 

Now if F(x) « 0 a.e. ( |x( $ l) and £ = 0 a.e ( /x] > l) 

then f (x) » g(x). 


that 


Now if 


then 


In oase of the Hilbert transform 


$(*) = 


/- tcrostr 

4r 


and for the Goldberg transform 


H*) = 


__ 




The condition that $2f(t) £ L is by no means necessary for f 


to belong to L . What we need here is that 


P f “/<*+*:) ji*) £ ^ 
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CHAPTER VIII 


ALMOST PERIODIC FUNCTIONS 
AND 

THE GOLDBERG TRANSFORM 

(8.1) As in Cossar [lj f let T be the set of trigonometric poly¬ 
nomials (t.p) 

n ' * 

Z . A. /lyX 
Y- l 

where k p are complex and Ay real constants, and U be the set of 
functions each of which is the limit of a uniformly convergent 
sequence of the functions of T. The functions of U are called 
uniformly almost periodic or Bohr almost periodio functions. It 
could be seen that the set U possesses the following properties 
(not a complete account of course). 

(i) U DT, in fact T is a proper subset of U. 

(ii) If f t U, then for each t>0 3 a t.p t(x) such that 

|f(x) — t(x) j <, e — oo < oc < oo , 

and conversely. 

(iii) If f £ U, then f is bounded. 

(iv) If f i U, then f is uniformly continuous in -o©<x<©o. 

(v) For any function f £ U, the mean value 

l 1 

v _ U> 

X 

exists. Also 

n\ f 
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is zero except when A belongs to a certain denumerable set 


These exceptional values •••••••• are oalled the 

exponents of f, and the formal expression 



is called the Fourier series of f, where 


c 


r 


ffl j ft*) 



(vi) If f n £ U (n ■ 1,2,......), and f^ tends uniformly 

to f for all x then f £ U, and 

M l fat**} m 1 f&•***] 


as n —p oo . 

The series 

^ -L A y X. 

'i ....( 8 . 1 . 1 ) 

r- i 


is called the conjugate series of the Fourier series of f(x). 
Our investigations, here in this chapter, are mainly conoemed 
with the behaviour of the conjugate series. 

We put down here some of the corresponding results from 
Cossar's leoture notes on the summability and convergence 
of the Fourier series of f(x), when f L U. 

THEOREM (N) . If f is even and belongs to U, and its exponents 


o,A ,are such that each finite interval contains only a finite 
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number of them, then the Fourier series of f(x) is summable 
(R, A » l) to f(x). The summability here is uniform. We may 
also write the above statement as follows. 


If 


C + 2-JL (/- Ap) Cyktf 

Ay ' 


then (a.) E U, and tends uniformly to f(x) as ^—? o© , 


and 


....( 8 . 1 . 2 ) 

~ [ S't^ AL ) -—* 


DBFIEITION . We say that the series 

J 

is summable (R, X , l) i.e. summable in the sense of M. Riesz, 
if 

2- (i-h.)< r ?C».j 

0 < A r < > y 

tends to a limit as ^ . if /\^-= n , (R, X , l) s (C,l). 

THEOREM (0) . If (0 f i U, f is even with exponents 

±*,,±K, . 

where 0 < X , < < • * • • ^ ^ °° ' 

(ii) f satisfies D for x ■ 0. 

(iii) The Fourier series converges to f(0) at x = 0. 
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Then the Fourier series converges to f(x) at any point at which 
D is satisfied. 

Condition D. f(x) satisfies D at x if for some 0 


4- f\ 

tends to f(x) as \ —> °o . 

(8.2) THEOREM. If f £ U, and is such that each finite interval 
contains only a finite number of its exponents, the open interval 
(-1,1) containing none except possibly 0, then the conjugate 
series (8.1.1) is summable (R, X , l) to f (x) for almost all x, 
where 

= 4 rj f(x+cU ....( 8 . 2 . 1 ) 


is the Goldberg transform of f(x). 

Proof. We first show that (8.2.1) exists a.e. 
Let 8> 0, and 

<fs(**■) - f(M) IMIS $ 

« 0 elsewhere. 


When |x] < & the integrals 


7 h+) /u. , 

- o<3 (sU-X J l 


Jr Hm) 


(-U-x ) 




are absolutely convergent, and 
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* L ^ = * ft <■«> 




exists for almost all x by Goldberg [5] Theorem 1 (Theorem (E) 

2 

in the Introduction), since ^('K)L L . Hence we get the 
existence of (8.2.1) for almost all x. 

Let the exponents of f(x) be 

G ~ i j 2l j .. 


such that 


I ^ I I < I ^2. I < / ^ 3 ) < 


We now prove two lemmas. 
LEMMA 1. If 


,(*; = If {‘ u -) aU 


....( 8 . 2 . 2 ) 


where (P f Ml = ^ + ^ 

'A V. J All- Jyil T 5.. 3 




and f(x) is as defined above, then -Z.-Yx) also belongs to U, 


and is equal to 


i: \r± \ 


'*-2- *f»*y e r ('-5 


The integral on the right of (8.2.2) is absolutely convergent, 
since V^(<a)£L, and f(x) is bounded. Hence (x) exists for 


all x. 


£(%) - 2- tr* 


*/?* 


with ffy\ ^ 1 for all r except possibly f » 0 for some r, be 
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a t.p such that for all x 

JfU) - t(x) J < e. 

The restriction on could he justified hy the fact that the 

Fourier series of f(x) is defined as the formal term hy term 

limit of the sequence £t(x)^- 81X1,1 1 | Z 1 (r o 1,2,.). 

If we write 

%,(%) = A f *(*■+“) V, 


then the absolute convergence of (8.2*2) gives 

/ Xn(*) I <K* (all *)) * = 

To complete the proof of the lemma we need prove only that 'T fn (n) 
is a t.p. This is obvious from the faot that 



Now the R.H.S. can be written as 
,n '£* 


I <— -<* AX x 

+ -f- [/£« >-*>* 

J -oO XL *- * 7 > ■J_ a4 XL 3 

since the separate integrals exist, as can be seen as follows. 

Calling the three terms within the bracket by 1^, and Iy 
wo find that 


J l - -X (jj* -/) (since /£|^1, and /&/</*). 
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2 

A 


eU T 

'-' . -4-C /U1- 


— ofl 


since 


f ***&“■ oU . o. 


We may write 

I. 


2 <-_ 

A7i 


oO 


Xlivi 






since the Fourier transform of 

I — ttriOC. 


•X 


is 


Hence I. 


/J- ?/-/*•;} (/*'*',) ? 

o 0*i>0'j 


jC_ 

Ar 


....( 8 . 2 . 3 ) 

= Tn = jr*d~fr» 

Inversion Justified on the grounds that the R.H.S. of (8.2.3) 

ft 'fe- / /- . 

** * r 3 ’ ^>*6 

z; (■> Pt; = -t Z -*f>Y v (/- ^9 ^ ■ £, ^ x 

Henoe we find that 2 (*)£U, as it is the uniform limit of the 


Thus 


or 
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sequence of t.psT^x), and hence the Fourier series of 2.^(x) 
is the formal limit of T^(x). But as there are only a finite 
number of the exponents in (-^ , 2)» 2 (x) is itself a t.p, 
and is therefore equal to 


M tIO 


y 




Cy £ 


This completes the proof of Lemma 1. 
LEMMA 2. If f £ U, then for almost all x 


f -f(n. +A. ) ±^2^ cL as 2 - ? 00 • 

JJ lAA.* - 9 0 


Here we need prove only that for some &7Q 


J r 7 ' 3^*- 


O as 2 - * 00 * 


4 


/ fC+L] 

—- o /) ^^ 


fjf (*+«) - r 




* i 


j / + 
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£ o(l) as 2 - K> 

D . 

where *£(■<)= J o I f fa**-) ~ fO*'**)/ ^ 
and hy Lebesgue Theorem ([9j* (H)» “ P«65) 

«£00 - o(h) as h —> +0 for almost all x. 


Now 


// if (*+«)-#*-*>] 

= !/ 


* f * l £(*+«)-H*- 4 *)} ~ 


and as 


A<u. 
^ -a 1 


/ 

^u. 


for 0 5 u ~ 
A 


ff { H«+«) ' ' -k 

- 2 Ifc (•£)-* o *m a —* °° • 

Again f * % ft'** 4 *) ~ 


d+< 

M. 


exists for almost all x, and so 
This proves Lemma 2. 


0 as A- y oo . 


If now the series (8.1.1) is sumraable (R, A » l)» its 'sum' is 
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or 





71 J L ao }aat- fiAt.*- ft-u 3 L yf 

»“ od 


Considering the terms in the bracket separately we find that the 
first integral, being independent of ft. , is by (8.2.1) f*(x). 

The seoond, of course, tends to zero as ft —?«>o,(since apart the 
faotor its integrand is same as in the first). The third 
tends to zero by Lemma 2. In the fourth the integrals 


i / J ^, f J ft*^ 

being absolutely convergent for $ ? 0, tend to 0 as ft ■-? oo, 

Again 

/ (*■ i-^) l - z -%r L t 


since 


Cosu 




£, L, and f(x) is bounded, hence 


, i 

J s 


l-Crt^A. 

M*- 



exists for almost all x. Thus the fourth integral also tends 
to zero as ft —9 <*. Hence we find that 


£-(*)=■ { *(*) 

for almost all x. 

Corollary. If the interval (-1,1) also contains a finite number 


of the exponents of f(x), the conjugate series is still summable 
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(R, , l) (this is obvious, sinoe the introduction of a finite 

number of exponents adds only a t.p to the series). 

If the new exponents be 



/ 9 2 9 • 

A 

then 

f(x) - 

b(x) ♦ 

where 

h(x) 

i , >/*** 

Z- k-yZ 
/ 


and 0(x) £ U with . as its exponents. The con¬ 

jugate series in this oase has the 'sum' (in the M. Riesz sense) 


k(x) 



where k(x) is the Hilbert transform of h(x), and /*(x) is the 
Goldberg transform of ^(x). 

( 8 . 3 ) THEOREM . If f £ U, is even, and the number of exponents 
are finite in eaoh finite interval then the conjugate series of 
the Fourier series of f(x) is summable (R, A , l) to g(x), the 
Hilbert transform of f(x), for almost all x. 

Proof. The function is even and henoe satisfies Cossar £3 J 
Theorem 1 on the existence of g(x)£Th« ttish tic* g d»«s -nof require 

Let the exponents of f(x) be 

«=/<., **,)***, . 


such that < 1 for r - 1,2,.j, and 1 $ / 

for all r. 

J 

Let h(x) = yk 0 +2 Z 

Y-/ 
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where k is the Fourier coefficient of f corresponding to the 
r 

exponent 

How f(x) can he expressed as 

b(x) + Jjf(x), 

where ^(x) t U, is even, and has 

± . 

as its exponents. The conjugate series (8.1.1) of ^(x) will 
now he 

-1 2 £y ****- X 

y 

and hy Theorem (8.2) it is summable (R, A » l) to $7*(x) for 
almost all x, i.e. 

2^LX) = ~2l (/- X -» « 

and as h(x) is only a t.p, we find that the conjugate series 
of f(x) is summable (R, X , l) to 

k(x) + f (x) 

for almost all values of x, where k(x) is the Hilbert trans¬ 
form of h(x), and ^*(x) is the Goldberg transform of 0(x). 

In order to prove that 

fw ■ y(*) 


yfo) being the Hilbert transform of 0(x), let us write, as in 
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Theorem (N), 


then 


and also 


> (*■) = 


1 2. (/- Ax)c y 

T P f oIm. 

A oo /U - X 

f t °* 2 M ±^lL^z^2. oL, 

r L« * L (*-*)* 


- /- 
7T 


oinoe it could he easily verified that the Hilhert and the Goldberg 
transforms of a t.p are equal provided the exponents of the t.p are 
numerically greater than or equal to unity. Hence 



4 ^^'^ 2af JJLS o ....(8.3.1) 

(M-*) 7 - J 


for all /l . Now if |x| < c (o>0), then 



4*k(Aa-X) 




since by (8.1.2) 
Similarly 



(*i) tends uniformly to 0(u) as 00 







-^£ZS> 7^ 

(V-XJLJ ’ 



/<U~. (■U - x) ^ 


since 


is bounded in (-c,c). 
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Lastly 


(O l V 


do* 


■a-* 



since 2 &) 1® even, and as 

2 


r* d. 


'U l -x.‘ 

is absolutely convergent, the expression on the right tends, as 



Combining all the above results, we get 




oC 


4/-z,w 


- oc 


J —- IjLu. 


- TT [ ^ tfl'*) I 4 - 




But by (8.3.1) the L.H.S. is Kero, hence 


H*) = 

Thus we got the required result. 

(8.4) THEOREM. (On the convergence of (8.1.1)). If f £ U, is 
even, and the exponents satisfy the conditions of Theorem (8.2) 
then a necessary and sufficient condition for the convergence 
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of the conjugate series 


is that 


— 2 C-y A y 'X. 


<r 


(?*>') 


shw f 5 f (*+*■) ‘f ....(8.4.1) 

0\ —^oa C 


exists, provided 
Proof. 


^7 1 -f-I ^ 7t ^ 0 3-11 n. 


The existence of (8.4.1) implies the existence of 

* . 

and therefore of f (x;. 

Now by Lemma 1 for Theorem (8.2) 

2 "2L (_ I ~~ J Cy A***- Ay 7C (An ^ A < % n+ i 


_ _L- t -h'U^-U + 'UsU^A-U -Z(/"Ap>u) J 

" A-K ^- ' eU - 


Multiplying by } , substituting A^k and A^for A , and subtracting 
we get 

2. A (fv A**- Ay X rr — f -£(*■ ~tXJ.) ^2^1^ cU*. — 

71 J J. ^ 


OO 

ot> 


A r ~ , . . . . • n - £**-&*<. 


- 7T / 


C* 


AA. 1 - 




+ * toluol*. 

The first integral on the right is -hf (x), the second tends to 


zero as 9 °o , since 

'M 
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'J— o0 


is absolutely convergent. Likewise in the third integral 



4a.?- n 


as 


% 


-71 


oo 


Finally we get 




fCx-t-u) - 






4 a . 


C*rl ? 




AA. 


s 

- £ I S X-(^-fAx) -AA.J 2 otu. 

fint -?«> J 6 L J J ^ 

for any positive $ . Hence the result. 

If the above limit is zero then the sum of the conjugate series 

* . . 

is f (x), and if there is a finite number of exponents 


± / t - > ± ^> . *f\j 

in the interval (-1,1), the conditions for convergence will not 
be effected, for the contribution to the conjugate series would 
only be a t.p, and if we write this t.p as h(x), and 


f(x) « h(x) + Jjf(x) 

as in Theorem (8.3)> then by the same theorem the sum of the 
conjugate series is g(x). 

(8.5) THEOREM . 

(i) If f £ U, is even with exponents 

0 " A 0 ,±^ /j ±^ 2 _, . 

where 0 < ^ ^ t < • - - 


■> °o. 
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(ii) f satisfies D for x = 0 (cf. Theorem (o), p.127). 

(iii) The Fourier series of f converges to f(0) at x = 0. 
Then the conjugate series of f converges to g(x) at a point where 
g(x) exists and f(x) satisfies D. If the condition D is satisfied 
for all values of x, then the conjugate series converges almost 
everywhere to g(x). 

Condition D . f(x) satisfies D at x, if for some & > 0 

j — >0 as ^ -* 00 • 

Proof . As in Theorem (N) let 



A A V * / 

Then K.t25 C *-;\ r jCr 

= A f I-******_ . (by Theorem (N)) 

o 

- p(A), say. 


Now for A-> 0, and A,, < A Ay,*, 


pW - ....(8.5.1) 

Let x be such that x > 0, and g(x) exists, then 

<• A-m . A, 

J = C 0 I [ fi*** 2 ?-<■*(*- 

° J o ' n ~<\ r= ' ^ 

• Am m n*"* 

~ I A -4**a Ax - i\ Y J a*** A x A 

° l"*f Ay 

= + ^c) £ *=j£ - (»^ ^ j 

(/■= M 


oo 



(142) 


= C^^Ay* - 0 + 1.2. (f-)y)C r} 


-f- -<1*M -f ?t 

xl 


C.^ 2- 


' m o 

Z c,j 


±_ 


^ c*j - / W + ^ ^ ^ 



( by (8.5.1)). 


Hence JL S^ (x) -f C°) 

= %• fit*. [ jL»« o-u>mj^J 

(again by (8.5-1)), 

or Si* ( x ) -t (°) 

- f _££^- J'4AUix(i-b***)°Lt +*%‘b*f*f ( f< dtt ) 

J o 

"*■ f a £~c [ x ~ * c **y ,t ^f ~ + -r (<fc;' + 


+ *5 e+iM***) _ *f tnf(«-*-J Id* 

L -H-fX. 2- AX--X. J 
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= 12L 

7\ 




AX' 


+ 


2- »*> 


t r/w C?f c< pj^_ *_> fjTir'i f i«« *»«*-*, 

* J * “ +x tt £/* 4-<r Lb^ ~^r 


t 


f j £ t^i. c fHL^a - iVw „«*,« *«, ...3, 

J ° 1 71 «* *+* TT-sr 1 tU -—r~ ^ 


for some ,? 0, such that 0 < ^ < * — £ , 
Sow as f(x) is even 


oO 


y f l M - K« 


*o 


f fto) Crtf («+*) */„ — >0 as oO t ("by Riemann-Lebesgue Theorem), 

v f i,1_ 11 -*■ V 


(f «fX 

and similarly 




cLx 


Jr AO' 

/.H-f 

Again / / and 

V4 


-> 0 ZB f .-> OO . 


[“ )M tof£2>eU*0 as f 


OO 


xY/ oU = P r +& H“) J^IS^LcU 

J ~ x VJ ~ V *' r J xO-(AA-y.) 


n-5 ‘°- i ’ ax--a. 

,-K + S 


W 


f Ls ^ Cu) l«=z ~ "2T - -fc- j 
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— r SxtofOn+x) _ 7 n*} / 

* 4, i—^— — ihr~ * }*£''* 

_ ^ 5 * («-Vto f (<*+*)-(«+*)*&>* f(*i-xj - 2 (« l -* l JG>f>xCrtfUL l y„ 

~ * J 6 41 *- ( 

= ;$by {“* ( e ~ft«+v- e -*fc«-*V ~ 

- v!~ ( fi<r> f(<L-rx) + trtf’('U-x) -z(«*■-?erif^cU 


J r 

r h«j r 

^ <5 [~ 


- -x ttrs^M brffu - 


— r «f(«) 

* 'U l (il 1 ’-x' 1 ) 


f« ox^^axxlx^^x. -t ax Crtfx e&f'uJeUc 


2.X 4*^f-K r ^ 


M ^ 

I f(<±) ^ _ ixtofx. 


Ax 1 -*. 1 - AX 


f fir» fXAotu.. 
J C xx L -* i - 1 


Again /4^_ CrtpAAoix 
Jo * 2 -* 1 / 


0 as 


/* —> oo , (x > <T> 0) 
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and - / JS^L 

•J 0 CO--X?- 'LL 


4 c5" d 

~~i f-P~ 'O^f^.oU -if £*L a^f^cU + [-fi-u) cU. 

' v ° •* t " X • Jc Al-t-x ' •Jn <*■ 


The first two integrals on the right tend to zero as -jJ —>oo , by 
Riemann- Lebesgue Theorem. 

Henoe combining the above results we get 

SmC*) t S^ioJ = o(l )- jij 


+ ft*) + 

C*) — °(i) + J l ~f (■*-*■)j cU - 

s 

- £ S„ (o) - % -ft*) H). 


Where 


S (x) 


s _(°) 

m 


_ 2 ^ Cy / ^ Ua ^-y X. j 
1 

t Q -t 2 2 C.y . 


Henoe the required result. 
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APPENDIX 



(i). The Fourier transform of g(x) is, hy ( 0 . 3 ), - i sgnx F(x). 

Hence, for example, the Fourier transform of 


is 



i sgnx ( (xj $ 1 ) ? 

0 (|*|^1)J 


(ii). The Goldberg transform of the first two functions are the 

same as their derivatives, since they satisfy the conditions 
of Theorem (2*4)• The third function, on the other hand, 
satisfies Theorem(D) and as such its Goldberg and Hilbert 
transforms are equal. 







